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Abstract 

This paper illustrates the concept of the natural yield curve and how to measure 
it. The natural yield curve extends the idea of the natural rate of interest defined 
at a single maturity to one defined for all maturities. If the actual real yield 
curve matches the natural yield curve, the output gap will converge to zero. An 
empirical analysis using data for Japan shows that past monetary easing 
programs expanded the gap between the actual real yield curve and the natural 
yield curve mainly for short and medium maturities and led to accommodative 
financial conditions. By contrast, the quantitative and qualitative monetary 
easing policy has expanded the gap for long maturities as well as short and 
medium maturities. The natural yield curve is expected to provide a useful 
benchmark in the conduct of both conventional monetary policy and 
unconventional monetary policy aiming to influence the entire yield curve. 
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1. Introduction 

The natural rate of interest is the real interest rate at which the economy neither 

accelerates nor decelerates. If the actual real rate of interest is above the natural rate of 

interest, the interest rate gap will put downward pressure on output, and vice versa. This 

characteristic makes the natural rate of interest a reference point for central banks in 

controlling short-term interest rates. Many central bankers and researchers have 

attempted to estimate the natural rate of interest using various methods (e.g., Laubach 

and Williams, 2003).1 Also, researchers at the Bank of Japan, such as Oda and 

Muranaga (2003) and Kamada (2009), have estimated the natural rate of interest for 

Japan. Yet, in several advanced economies it has been impossible in recent years to use 

the gap between the actual real rate of interest at a specific maturity – such as the 

overnight rate – and the corresponding natural rate of interest to consistently evaluate 

the effects of monetary easing. Short-term nominal rates have hit the zero lower bound 

and there has hence been no room for a further decline. Against this background, the 

focus of monetary policy by major central banks has shifted from short-term interest 

rates to the entire yield curve. Information is therefore needed on not only interest rates 

at a specific maturity but also the entire yield curve to gauge the overall effects of 

monetary easing.2 

From this viewpoint, this paper illustrates the concept of the natural yield curve, 

which is an extension of the conventional natural rate of interest, and discusses how to 

measure it. The natural yield curve extends the idea of the natural rate of interest 

defined at a single maturity to one defined for all maturities. Just as the natural rate of 

interest is defined as the real interest rate at which the economy neither accelerates nor 

decelerates, so the natural yield curve is defined as the real yield curve at which the 

economy neither accelerates nor decelerates. If the actual real yield curve matches the 

natural yield curve, the output gap will converge to zero. On the other hand, if the actual 

real yield curve lies above the natural yield curve, financial conditions are 

                                                  
1 See, for example, Bomfim (1997), Neiss and Nelson (2003), Brzoza-Brzezina (2003), Cuaresma et 
al. (2004), King and Low (2014), and Barsky et al. (2014). 
2 Justiniano and Pimiceri (2010) argue that economic activity can be affected by not only the 
overnight interest rate gap at the current time but also future expectations of the interest rate gap. 
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contractionary, leading to a contraction of a positive output gap (or an expansion of a 

negative output gap). By contrast, if the actual real yield curve lies below the natural 

yield curve, financial conditions are accommodative, leading to a contraction of a 

negative output gap (or an expansion of a positive output gap). 

Just as the natural rate of interest can be derived from the IS curve which describes 

the relationship between the interest rate gap and the output gap, so the natural yield 

curve can be derived from the IS curve which describes the relationship between the 

yield curve gap – the gap between the actual real yield curve and the natural yield curve 

– and the output gap. Concretely, we decompose yield curves into three factors and then 

formulate the relationship between the gap of each factor from its equilibrium level and 

the output gap. Unlike Brzoza-Brzezina and Kotłowski (2014), who propose another 

approach to estimating the natural yield curve, our approach allows us to distinguish the 

difference in the sensitivity of the economy to various shapes of the yield curve gap as 

well as the difference in the term structure between the natural yield curve and the 

actual real yield curve. 

The remainder of this paper is structured as follows. Section 2 introduces the 

concept of the natural yield curve, while Section 3 presents our estimation approach. 

Section 4 applies the proposed approach to data for Japan and reports developments in 

the estimated natural yield curve and yield curve gap since the 1990s. Finally, Section 5 

concludes. 

 

2. The natural yield curve model 

2.1 Model structure 

This section describes our natural yield curve (NYC) model. Our NYC model is based 

on Laubach and Williams' (2003) model, which is widely used for measuring the natural 

rate of interest. In their model, the relationship between the interest rate gap and the 

output gap is given by the following IS curve: 
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௧ݕ െ כ௧ݕ ൌ ܾሺݎ௧ െ  ሻ,                             (1)כ௧ݎ

where ݕ௧ denotes the log of actual output, ݕ௧כ the log of potential output, ݎ௧ the actual 

rate of interest, and ݎ௧כ the natural rate of interest.3 The output gap and the interest rate 

gap are defined by ݔ௧ ؠ ௧ݕ െ and ݃௧ כ௧ݕ ؠ ௧ݎ െ  respectively. From Equation (1) it ,כ௧ݎ

is evident that ݔ௧ ൌ 0 if ݃௧ ൌ 0. This means that ݎ௧כ is the real interest rate at which 

the economy neither accelerates nor decelerates. Using the Kalman filter method, 

Laubach and Williams (2003) jointly estimate the unobservable variables, ݎ௧כ and ݕ௧כ, 

based on the observation equations – the IS curve in Equation (1) and the Phillips curve 

– and the state equations for ݎ௧כ and ݕ௧כ.  

As mentioned earlier, when there is little room for further lowering short-term 

nominal rates, information on interest rates at a specific maturity is insufficient to 

evaluate the effects of monetary easing. To overcome this limitation, we extend the idea 

of the natural rate of interest defined at a single maturity to one defined for all maturities. 

Specifically, we rewrite the relationship between the interest rate gap at a single 

maturity and the output gap described in Equation (1) to represent the relationship 

between interest rate gaps for all maturities 0 ൏ ߬  ܶ and the output gap as follows: 

௧ݕ െ כ௧ݕ ൌ ܾ  ߶ሺ߬ሻ൫ݎఛ,௧ െ כఛ,௧ݎ ൯݀߬
்
 ,                   (2) 

where ݎఛ,௧ and ݎఛ,௧כ  are the actual real rate of interest for maturity ߬ at time ݐ and the 

natural rate of interest for maturity ߬ at time ݐ, respectively. We refer to ൛ݎఛ,௧כ ൟఛୀ
்

 and 

൛ݎఛ,௧ൟఛୀ
்

 as the natural yield curve and the actual real yield curve, respectively. ߶ሺ߬ሻ is 

the parameter describing the difference in the sensitivity of the output gap, ݔ௧, to the 

interest rate gap at each maturity, ݃ఛ,௧ ؠ ఛ,௧ݎ െ כఛ,௧ݎ . It is set as ߶ሺ߬ሻ  0 for all ߬ and 

 ߶ሺ߬ሻ݀߬
்
 ؠ 1. 

Both ൛ݎఛ,௧כ ൟఛୀ
்

 and ൛ݎఛ,௧ൟఛୀ
்

 can be decomposed into the three latent factors 

described in Nelson and Siegel's (1987) model. Conversely, this means that the interest 

                                                  
3 Laubach and Williams' (2003) model includes lagged terms of the output gap and the interest rate 
gap, which are omitted in this section for simplicity. 
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rate at any maturity on the yield curve is given by the combination of these three 

factors: 

כఛ,௧ݎ ൌ כ௧ܮ  ܵ௧כ
ଵିషഊഓ

ఒఛ
 כ௧ܥ ቀ

ଵିషഊഓ

ఒఛ
െ ݁ିఒఛቁ, and             (3) 

ఛ,௧ݎ ൌ ௧ܮ  ܵ௧
ଵିషഊഓ

ఒఛ
 ௧ܥ ቀ

ଵିషഊഓ

ఒఛ
െ ݁ିఒఛቁ,                 (4) 

where ߣ is the parameter that governs the decaying rate of the factor loadings in the 

second and third terms of the right-hand side of Equations (3) and (4). We assume that 

the natural yield curve and the actual real yield curve have the same ߣ. 

כ௧ܮ , ܵ௧כ, and ܥ௧כ are the components of the natural yield curve and their loadings 

are plotted in Figure 1. Following Diebold and Li (2006), we define the factors as 

follows. ܮ௧כ  in the first term of the right-hand side of Equation (3) is the level factor, 

which defines the level of the natural yield curve and uniformly affects all maturities. If 

כ௧ܮ  increases, the natural yield curve shifts upward and vice versa. ܵ௧כ in the second 

term is the slope factor, which defines the slope of the natural yield curve and 

corresponds to the term spread of the natural yield curve. ܵ௧כ ൏ 0 implies an upward 

sloping curve, ܵ௧כ  0 a downward sloping curve, and ܵ௧כ ൌ 0 a flat curve. ܥ௧כ in the 

third term is the curvature factor, which defines the curvature of the natural yield curve. 

כ௧ܥ  ൏ 0 implies that the natural yield curve is bending downward and vice versa. 

Similarly, ܮ௧, ܵ௧, and ܥ௧ in Equation (4) can be interpreted as the level, slope, and 

curvature factors of the actual real yield curve. 

Subtracting Equation (3) from Equation (4), we obtain  

ఛ,௧ݎ െ כఛ,௧ݎ ൌ ሺܮ௧ െ ሻכ௧ܮ  ሺܵ௧ െ ܵ௧כሻ
ଵିషഊഓ

ఒఛ
 ሺܥ௧ െ ሻכ௧ܥ ቀ

ଵିషഊഓ

ఒఛ
െ ݁ିఒఛቁ   (5) 

for all ߬. The equation shows that the yield curve gap – the gap between the actual real 

yield curve and the natural yield curve – can be decomposed into three components: the 

level gap, ܮ௧ െ כ௧ܮ ; the slope gap, ܵ௧ െ ܵ௧כ; and the curvature gap, ܥ௧ െ  .כ௧ܥ

The three components of the yield curve gap, ܮ௧ െ כ௧ܮ , ܵ௧ െ ܵ௧כ, and ܥ௧ െ  are ,כ௧ܥ

closely related to monetary policy actions. A graphic illustration of yield curve gaps in 
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response to monetary easing is provided in Figure 2. First, ܮ௧ െ כ௧ܮ ൏ 0 implies a 

parallel downward shift of the real yield curve from the natural yield curve, leading to a 

negative interest rate gap for all maturities. Such a parallel downward shift occurs when 

the central bank puts downward pressure on the entire yield curve by purchasing 

long-term government bonds. Second, ܵ௧ െ ܵ௧כ ൏ 0 means that short-term real yields 

decline. This is a typical response to a policy rate cut by the central bank. The slope of 

the real yield curve becomes steeper as the negative interest rate gap for shorter 

maturities expands. Third, ܥ௧ െ כ௧ܥ ൏ 0 means that medium-term real yields decline 

relative to the natural yield curve, leading to a negative interest rate gap for medium 

maturities. This can happen as a result of forward guidance or a commitment by the 

central bank to keep its policy expansionary and is observed when market participants 

expect that the low-interest-rate policy will be kept in place for some time to come. 

Substituting Equation (5) into Equation (2), we obtain 

௧ݕ െ כ௧ݕ ൌ ܾሺܮ௧ െ ሻכ௧ܮ  ௌܾሺܵ௧ െ ܵ௧כሻ  ܾሺܥ௧ െ  ሻ,            (6)כ௧ܥ

where 

ە
ۖ
۔

ۖ
ۓ
ಽ

ൌ  ߶ሺ߬ሻ݀߬

்
 ൌ 1                            

ೄ

ൌ  ቄ߶ሺ߬ሻ ଵି

షഊഓ

ఒఛ
ቅ ݀߬

்
                     



ൌ  ቄ߶ሺ߬ሻ ቀଵି

షഊഓ

ఒఛ
െ ݁ିఒఛቁቅ ݀߬

்
 .

                     (7) 

Equation (6) is the basic form of our NYC model. Note that the interest rate gap at each 

maturity, ݃ఛ,௧ ؠ ఛ,௧ݎ െ כఛ,௧ݎ , in Equation (2) is replaced by the level gap,  ܮ௧ െ כ௧ܮ , the 

slope gap, ܵ௧ െ ܵ௧כ, and the curvature gap, ܥ௧ െ ௧ܮ  If .כ௧ܥ െ כ௧ܮ ൌ ܵ௧ െ ܵ௧כ ൌ ௧ܥ െ כ௧ܥ ൌ

0 holds, which implies ݃ఛ,௧ ൌ 0 for any ߬, we obtain ݔ௧ ൌ 0. As in the case of the 

natural rate of interest, the natural yield curve is defined as the real yield curve at which 

the economy neither accelerates nor decelerates.  

2.2 Yield curve gap and interest rate gap 

Equation (7) represents the relationship between the sensitivity of the output gap to each 

component of the yield curve gap, ܾ, ௌܾ, and ܾ, and the sensitivity to the interest 
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rate gap at each maturity, ܾ߶ሺ߬ሻ. To provide an intuitive illustration of the relationship 

between the two sensitivities, we consider various different types of distribution for 

߶ሺ߬ሻ. First, if ߶ሺ߬ሻ follows a uniform distribution as shown in Figure 3(a), we have 

߶ሺ߬ሻ ൌ ഥݓ ൌ 1 ܶ⁄  for all ߬.4 If, for example, ܶ ൌ 20 years and ߣ ൌ 0.143, Equation 

(7) implies  

ە
ۖ
۔

ۖ
ۓ
തಽ

ൌ 1         

തೄ

ൌ 0.263

ത

ൌ 0.176.

                                    (8) 

The values in Equation (8) suggest that the effect on output of a one percentage point 

change in the overnight rate is about four times as large when this change in the 

overnight rate is due to a change in the level gap as when it is due to a change in the 

slope gap. 

Next, we consider the case where ߶ሺ߬ሻ follows the step distribution shown in 

Figure 3(b) and is given by 

߶ሺ߬ሻ ൌ ൝
,     0ݓ ൏ ߬  ܶ 
     ,ଵݓ ܶ ൏ ߬  ଵܶ
     ,ଶݓ ଵܶ ൏ ߬  ܶ,

  

where the range 0 ൏ ߬  ܶ represents the short term, ܶ ൏ ߬  ଵܶ the medium to 

long term, and ଵܶ ൏ ߬  ܶ  the super-long term. If ܶ ൌ 2  years, ଵܶ ൌ 10  years, 

ܶ ൌ 20 years, and ߣ ൌ 0.143, Equation (7) implies  

ە
ۖ
۔

ۖ
ۓ
ಽ

ൌ ݓ2  ଵݓ8  ଶݓ10 ൌ 1               

ೄ

ൌ ݓ1.547  ଵݓ2.513  ଶݓ1.212



ൌ ݓ0.356  ଵݓ1.961  .ଶݓ1.206

               (9) 

Figure 4 plots the possible combinations of ݓ for ݅ ൌ 0, 1, 2 in Equations (9) and ݓഥ  

as six areas in a plane, with the horizontal axis representing ௌܾ ܾ⁄  and the vertical axis 

                                                  
4 In their NYC model, Brzoza-Brzezina and Kotłowski (2014) assume a priori that ߶ሺ߬ሻ follows a 
uniform distribution. They further assume that ܮ௧

כ  is equal to ܮ௧, and that ܥ௧
 is equal to the כ

historical average of ܥ௧. 
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representing ܾ ܾ⁄ . If, for example, ௌܾ  തܾ
ௌ  and ܾ ൌ തܾ

 , then ݓ  ഥݓ  ଶݓ,ଵݓ , 

which corresponds to area (II) in the figure. This suggests that the economy is relatively 

sensitive to short-term yields. The slope gap can therefore be regarded as a factor that 

mainly affects short-term yields. If ௌܾ ൌ തܾ
ௌ  and ܾ  തܾ

 , then ݓଵ  ഥݓ  ,ݓ ଶݓ , 

which corresponds to area (VI) in the figure. This suggests that the economy is 

relatively sensitive to medium-term yields and indicates that the curvature gap can be 

regarded as a factor that mainly affects medium-term yields. The remaining gap, the 

level gap, can thus be regarded as a factor that mainly affects long-term yields. 

߶ሺ߬ሻ may follow a more complex distribution. Here, we consider the case where 

߶ሺ߬ሻ follows a distribution consisting of two beta distributions such as 

߶ሺ߬ሻ ൌ ߱ ଵ݂ሺߙଵ, ଵሻߚ  ሺ1 െ ߱ሻ ଶ݂ሺߙଶ,  ଶሻ,                (10)ߚ

where 

݂ሺߙ, ሻߚ ൌ
ଵ

ሺఈೖ,ఉೖሻ
ቀఛ
்
ቁ
ఈೖିଵ

ቀଵିఛ
்
ቁ
ఉೖିଵ

  

for ݇ ൌ 1, 2. ߱ is the weight determining the mix of the beta distributions, ଵ݂ሺ·ሻ in 

the first term and ଶ݂ሺ·ሻ in the second term of the right-hand side of Equation (10), and 

ሺ·ሻܤ  is defined as ܤሺ·ሻ ؠ  ఈೖିଵሺ1ݐ െ ሻఉೖିଵݐ
ଵ
 ݐ݀ . Assuming ߙଵ ൏ 1  and 

,ଵߚ ,ଶߙ ଶߚ  1, ଵ݂ሺ·ሻ declines monotonically and ଶ݂ሺ·ሻ is a unimodal distribution with 

a peak in the medium- to long-term zone. In this case, ߱ can be interpreted as the share 

of economic activities that are affected by short-term yields such as activities based on 

borrowing at floating rates. As shown in Figure 3(c) the beta mixture distribution can 

take a more compex form, even if the average of ߶ሺ߬ሻ in each range of maturities 

indicates a simple monotonically decreasing case with ݓ, ଵݓ  ഥݓ  ଶݓ , which 

corresponds to area (I) in Figure 4. 

 

3. Estimation method 

To estimate the NYC model given by Equation (6), we consider the following state 
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space model: 

൦

௧ݕ
 ௧ܮ
ܵ௧
௧ܥ

൪ ൌ ൦

כ௧ݕ

כ௧ܮ

ܵ௧כ

כ௧ܥ
൪  ൦

ܽ௬ ܾ ௌܾ ܾ
0 ܽ 0 0
0 0 ܽௌ 0
0 0 0 ܽ

൪ ൦൮

௧ିଵݕ
௧ିଵܮ
ܵ௧ିଵ
௧ିଵܥ

൲ െ ൮

כ௧ݕ

כ௧ܮ

ܵ௧כ

כ௧ܥ
൲൪ 

ۏ
ێ
ێ
ۍ
1 0 0 0
݃௬ 1 0 0
݃௬ௌ 0 1 0
݃௬ 0 0 ے1

ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
௧ߝۍ

௬

௧ߝ

௧ߝ
ௌ

௧ߝ
ے
ۑ
ۑ
ۑ
ې

,  (11) 

൦

כ௧ݕ∆

כ௧ܮ

ܵ௧כ

כ௧ܥ
൪ ൌ ൦

௧ିଵݕ∆
כ

௧ିଵܮ
כ

ܵ௧ିଵ
כ

௧ିଵܥ
כ

൪ 

ۏ
ێ
ێ
ۍ
1 0 0 0
݄௬ 1 0 0
݄௬ௌ ݄ௌ 1 0
݄௬ ݄ ݄ௌ ے1

ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
௧ߝۍ
∆௬כ

௧ߝ
כ

௧ߝ
ௌכ

௧ߝ
כ ے
ۑ
ۑ
ۑ
ې

.                            (12) 

The first line of Equation (11) is the IS curve, which corresponds to Equation (6) with a 

lagged term of the output gap, ݕ௧ିଵ െ  added. The second to fourth lines define the ,כ௧ݕ

dynamics of the real yield curve. We assume that the three components of the yield 

curve gap, ܮ௧ െ כ௧ܮ , ܵ௧ െ ܵ௧ܥ ,כ௧ െ  follow an AR(1) process. They are innovated by ,כ௧ܥ

two types of shocks: demand shocks, ߝ௧
௬, and shocks specific to the real yield curve, ߝ௧, 

௧ߝ
ௌ, and ߝ௧

. Note that the lagged terms of the output gap and the yield curve gap are not 

the difference of the observed variables at ݐ െ 1 from the state variables at ݐ െ 1 but 

from the state variables at ݐ. With this setting, the real yield curve matches the natural 

yield curve in the stationary state, i.e., ܮ௧ െ כ௧ܮ ൌ ܵ௧ െ ܵ௧כ ൌ ௧ܥ െ כ௧ܥ ൌ 0, and the actual 

output will converge to the potential output, i.e., ݕ௧ ൌ  .כ௧ݕ

Equation (12) is the state equation, which describes the dynamics of potential 

growth, ∆ݕ௧כ, and the components of the natural yield curve, ܮ௧כ , ܵ௧כ, and ܥ௧כ. This 

equation means that the level and shape of the natural yield curve vary depending on 

economic activity and expectations of future economic growth. The shock, ߝ௧
∆௬כ, is the 

innovation to potential growth, which also simultaneously affects the natural yield curve. 

A positive ߝ௧
∆௬כ increases ∆ݕ௧כ and then ݕ௧כ, and raises the level of the natural yield 

curve, and vice versa. The remaining three shocks, ߝ௧
כ
௧ߝ ,

ௌכ, and ߝ௧
כ, include all the 

other elements which affect the natural yield curve, such as changes in expectations of 

future economic growth. For example, heightened uncertainty regarding future 

economic conditions will lower the natural yield curve through a negative ߝ௧
כ
. 

Moreover, if future economic growth is expected to be higher than current growth, the 
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natural yield curve will be steeper through a positive ߝ௧
כ
 and a negative ߝ௧

ௌכ or ߝ௧
כ. 

Conversely, if future economic growth is expected to be lower, the natural yield curve 

will be flatter through a negative ߝ௧
כ
 and a positive ߝ௧

ௌכ or ߝ௧
כ. We identify these 

three shocks by assuming the lower triangular matrix, which specifies the simultaneous 

relations among the shocks, in the second term of the right-hand side of Equation (12).5 

Following Brzoza-Brzezina and Kotłowski (2014), we estimate the natural yield 

curve in two steps. In the first step, we use the dynamic Nelson-Siegel (DNS) model 

(Diebold and Li, 2006) to decompose ൛ݎఛ,௧ൟఛୀ
்

 into ܮ௧, ܵ௧, and ܥ௧. Specifically, we 

estimate the following state space model: 

ఛ,௧ݎ ൌ ௧ܮ  ܵ௧
ଵିషഊഓ

ఒఛ
 ௧ܥ ቀ

ଵିషഊഓ

ఒఛ
െ ݁ିఒఛቁ   ఛ,௧,             (13)ߝ


௧ܮ െ ߤ
ܵ௧ െ ௌߤ
௧ܥ െ ߤ

൩ ൌ 
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

൩ 
௧ିଵܮ െ ߤ
ܵ௧ିଵ െ ௌߤ
௧ିଵܥ െ ߤ

൩  
௧ߦ

௧ߦ
ௌ

௧ߦ

,     (14) 

where ܮ௧ , ܵ௧ , and ܥ௧  follow a VAR(1) process with means of ߤ ௌߤ , , and ߤ , 

respectively. We assume that both ߝఛ,௧  and ߦ௧
  for ݆ ൌ ,ܮ ܵ, ܥ  follow a normal 

distribution. Following Diebold et al. (2006), we assume that the ߦ௧
 are mutually 

correlated, while the ߝఛ,௧  are mutually independent and uncorrelated with ߦ௧
 . We 

estimate ܮ௧, ܵ௧, and ܥ௧ based on the observation equation (13) and the state equation 

(14) using the Kalman filter method. 

In the second step, we estimate the NYC model. Following Clark and Kozicki 

(2005), who estimate the natural rate of interest, we treat ݕ௧כ and ∆ݕ௧כ as observed 

variables. Given ݕ௧כ  and ∆ݕ௧כ  as well as ܮ௧ , ܵ௧ , and ܥ௧  estimated from the DNS 

model in the first step, Equations (11) and (12) are rewritten in the following form: 

                                                  
5 We arrange ܮ௧

כ , ܵ௧
௧ܥ and ,כ

 in descending order of the size of their impact on the natural yield כ
curve. Alternatively, one could assume that the natural yield curve is determined from long to short 
maturities and arrange ܮ௧

כ ௧ܥ ,
and ܵ௧ ,כ

 in the corresponding order. We also estimated the model כ
using the latter ordering and found that the estimation results remained essentially unchanged. 
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൦

௧ݕ െ כ௧ݕ

௧ܮ
ܵ௧
௧ܥ

൪ ൌ ൦

ܽ௬ ܾ ௌܾ ܾ
0 ܽ 0 0
0 0 ܽௌ 0
0 0 0 ܽ

൪ ൦

௧ିଵݕ െ כ௧ݕ

௧ିଵܮ
ܵ௧ିଵ
௧ିଵܥ

൪  

൦

ܾ ௌܾ ܾ
1 െ ܽ 0 0
0 1 െ ܽௌ 0
0 0 1 െ ܽ

൪ 
כ௧ܮ

ܵ௧כ

כ௧ܥ
 

ۏ
ێ
ێ
ۍ
1 0 0 0
݃௬ 1 0 0
݃௬ௌ 0 1 0
݃௬ 0 0 ے1

ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
௧ߝۍ

௬

௧ߝ

௧ߝ
ௌ

௧ߝ
ے
ۑ
ۑ
ۑ
ې

,   (15) 


כ௧ܮ

ܵ௧כ

כ௧ܥ
 ൌ 

௧ିଵܮ
כ

ܵ௧ିଵ
כ

௧ିଵܥ
כ
  

݄௬
݄௬ௌ
݄௬

 ௧ߝ
∆௬כ  

1 0 0
݄ௌ 1 0
݄ ݄ௌ 1

൩ 
௧ߝ

כ

௧ߝ
ௌכ

௧ߝ
כ
.                  (16) 

Because ∆ݕ௧כ  represents actually observed values, so does its lagged difference, 

௧ߝ
∆௬כ ؠ כ௧ݕ∆ െ ௧ିଵݕ∆

כ . We assume that each of the remaining seven shocks, ߝ௧
௬, ߝ௧, ߝ௧

ௌ, 

௧ߝ
 ௧ߝ ,

כ
௧ߝ ,

ௌכ , and ߝ௧
כ , follows a normal distribution and that they are mutually 

independent. We estimate ܮ௧כ , ܵ௧כ, and ܥ௧כ based on the observation equation (15) and 

the state equation (16) using the Kalman filter method. 

 

4. Empirical analysis 

4.1 Data 

This section applies the DNS and NYC models developed in the previous section to 

data for Japan. The data used for estimating the models are quarterly series of real 

zero-coupon rates, the output gap, and the potential growth rate from 1992/Q3 to 

2014/Q4. Developments in the series during our observation period are shown in Figure 

5. Specifically, for the real zero-coupon rate we use the nominal zero-coupon rate 

deflated by inflation expectations for each maturity obtained from the Consensus 

Forecasts reported by Consensus Economics Inc.6 Because inflation expectations are 

                                                  
6  Due to data limitations, we use nominal interest rates deflated by survey-based inflation 
expectations instead of directly observed market-based real interest rates. The estimates reported 
below, in particular the estimated levels of the natural yield curve and the actual real yield curve, 
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surveyed only for a period of up to 10 years ahead, we assume that inflation 

expectations for more than 10 years ahead are the same as those for 6-10 years ahead. 

Moreover, we linearly interpolate the biannual series of inflation expectations to obtain 

the quarterly series. As the terms to maturity for real zero-coupon rates, we select 1, 2, 3, 

7, 10, and 20 years. The output gap and potential growth series are estimated by the 

Bank of Japan. 

4.2 Estimated model parameters 

Table 1(a) reports the model parameters estimated from the DNS model. The means of 

the level and slope factors are ߤ ൌ 0.019  and ߤௌ ൌ െ0.009 , respectively. This 

suggests that the average of the real yield curve over the past 20 years is a moderately 

upward sloping curve with a real yield of 1.9 percent at the long end and 0.9 percent at 

the short end.7 For the mean of the curvature factor, we obtain ߤ ൏ 0, which implies 

that the historical average of the real yield curve bends downward. 

Table 1(b) shows the model parameters estimated from the NYC model. The 

parameters associated with the yield curve gap, ܾ, ௌܾ, and ܾ, are all negative, thus 

satisfying the sign restrictions, and statistically significant. Based on the estimates of ܾ, 

ௌܾ, ܾ, and ߣ, Equations (8) and (9) imply the following relationships: 

ௌܾ ܾ⁄ ൌ 0.543  തܾ
ௌ ܾ⁄ ൌ 0.263, and 

ܾ ܾ⁄ ൌ 0.209  തܾ
 ܾ⁄ ൌ 0.176, 

which implies ݓ,ݓଵ  ഥݓ    ଶ.8 Note that this case corresponds to area (I) in Figureݓ

                                                                                                                                                  
should therefore be interpreted with some latitude. For example, the 10-year real interest rate of 
Japanese government inflation-indexed bonds (JGBi) was െ0.5 percent at the end of 2014, while 
the corresponding rate plotted in Figure 5 is െ1.1 percent. In addition, adjustments for the direct 
effects of the consumption tax hikes on inflation expectations are made prior to the analysis. 
Specifically, we extrapolate 1-year inflation expectations based on a spline curve. The curve is fitted 
to inflation expectations for 2 and more years ahead, which are not affected by the consumption tax 
hikes. 
7 From limఛ՜ାஶ ఛ,௧ݎ ൌ ௧ and limఛ՜ܮ ఛ,௧ݎ ൌ ௧ܮ  ܵ௧, ߤ and ߤ   ௌ correspond to the historicalߤ
average of the long- and short-term interest rates, respectively. 
8 In this section we focus on the relative size of ߶ሺ߬ሻ for each ߬. Although, more strictly speaking, 
the lagged effect of the output gap should also be taken into account when discussing ߶ሺ߬ሻ, we omit 
it here. 
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4. The estimated ܾ, ௌܾ, and ܾ suggest that ߶ሺ߬ሻ is a downward sloping distribution 

as a whole, and that for maturities of up to 10 years the sensitivity of the economy to the 

interest rate gap is higher than in the case of ߶ሺ߬ሻ ൌ ഥݓ  and lower for maturities of 

more than 10 years.  

In Japan, the ratio of floating rate loans to total loans made by major banks stands 

at over 50 percent. For those floating rate loans the main reference rate is the Tokyo 

Interbank Offered Rate (Tibor), so that most economic activities are likely to be affected 

by short-term interest rates. Against this background, we assume in Equation (10) that 

߱ ൌ 0.5 and that the value of ߶ሺ߬ሻ at ߬ ൌ 1 year is sufficiently larger than the values 

at other maturities. In this case, as shown in Figure 3(c), the beta distribution ଵ݂ሺ·ሻ 

becomes a monotonically decreasing distribution with a peak at ߬ ൌ 1 year, while 

ଶ݂ሺ·ሻ has a peak at ߬ ൌ 5 years.9 These shapes of the estimated ଵ݂ሺ·ሻ and ଶ݂ሺ·ሻ have 

the following implications. Those borrowing at floating rates are particularly sensitive 

to the interest rate gap for a horizon of one year. On the other hand, those borrowing at 

fixed rates are relatively sensitive to the interest rate gap for a horizon of 3 to 5 years, 

which corresponds to the average length of the business cycle. Both groups are less 

sensitive to the interest rate gap for a longer horizon as their sensitivity to the interest 

rate gap decreases monotonically as the length of maturity increases.  

4.3 Developments in yield curves 

Figure 6 plots developments in the estimated components of the natural yield curve and 

the actual real yield curve. For both curves, the level factor has been declining modestly 

since the 1990s and the slope factor has been increasing. The 90 percent confidence 

intervals imply that each of these factors of the natural yield curve has been zero since 

2012. Meanwhile, the curvature factor of the natural yield curve has been slightly 

negative but stable, while that of the actual real yield curve has been volatile in negative 

territory. 

                                                  
9 The mixture distribution depicted in Figure 3(c) is the simple average of the distributions 
ଵ݂ሺߙଵ, ଵሻߚ  and ଶ݂ሺߙଶ, ଶሻߚ  for 0 ൏ ଵߙ ൏ 1  and 1 ൏ ଵߚ  10 , which are consistent with the 

estimated ௌܾ ܾ⁄  and ܾ ܾ⁄  under the conditions that ߱ ൌ 0.5  and ߶ሺ߬ ൌ 1 yearሻ െ ߶ሺ߬ 
1 yearሻ  0.1. 
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The combination of ܮ௧כ , ܵ௧כ, and ܥ௧כ yields the natural rate of interest at any 

maturity, i.e., the natural yield curve, which is displayed in Figure 7. The estimated 

natural yield curve has two notable features. The first is that the level of the natural 

yield curve has been shifting downward. In line with the decline in the level factor, the 

level of the natural yield curve, which was about two percent in the middle of the 1990s, 

has been around zero percent since the global financial crisis. In fact, the natural yields 

for maturities of less than 10 years fell into negative territory in 2012. The second 

notable feature is the flattening of the natural yield curve. Due to the decline in the 

negative slope factor, the term spread between long- and short-term natural yields, 

which was about 150 basis points at its historical high, was almost zero in 2014. Both 

the downward shift and the flattening of the natural yield curve are attributable to the 

downward revision of market views on current economic activity and the future 

outlook. 

4.4 Comparison of monetary easing programs 

Since the late 1990s, four monetary easing programs have been implemented in Japan: 

the zero interest rate policy from February 1999 to August 2000, the quantitative easing 

policy from March 2001 to March 2006, the comprehensive monetary easing policy 

from October 2010 to April 2013, and the quantitative and qualitative monetary easing 

(QQE) policy from April 2013 onward. In each program, the Bank of Japan chose 

appropriate policy measures from various alternatives: setting the policy rate at 

effectively zero, changing the main operating target to the current account balance at the 

Bank of Japan and the monetary base, and purchasing long-term government bonds and 

risky assets. 

Figure 8 shows the relationship between the natural yield curve and the actual real 

yield curve for each of these four programs. During the zero interest rate policy period, 

the Bank of Japan cut its policy rate to effectively zero through the short-term interest 

rate control and induced a negative yield curve gap mainly for short maturities. The next 

two programs, the quantitative easing and the comprehensive monetary easing programs, 

resulted in a negative gap for medium rather than short maturities. This implies that the 

monetary easing effects of these two programs were achieved mainly through the Bank 
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of Japan's commitment to keep its policy expansionary for some time.10 In addition, in 

the case of the comprehensive monetary easing program, the Bank of Japan's purchases 

of government bonds with maturities of up to 3 years also contributed to the decline in 

yields for medium maturities. 

Finally, the current QQE program, which involves large-scale purchases of 

long-term government bonds by the Bank of Japan, has resulted in a considerable 

negative yield curve gap for long and super-long maturities as well as short and medium 

maturities. Consequently, the QQE program has led to the most accommodative 

financial conditions of the four programs. Specifically, as shown in Figure 9, the actual 

10-year real yield has declined considerably in the nearly two years since the 

introduction of the program, while the corresponding natural yield has been flat, causing 

the interest rate gap between the two to expand by about 90 basis points from 20 basis 

points to 110 basis points. This is the fastest pace of expansion during any of the four 

programs. 

4.5 Measuring the interest rate environment 

To measure how accommodative financial conditions are, we construct an indicator of 

the interest rate environment (IIE), which aggregates information on the interest rate 

gaps for all maturities. We define the IIE as the potential effects on the current and 

future output gap of the yield curve gap at each point in time. Specifically, the IIE, ܫ௧, is 

defined by the sum of the contributions of the shocks specific to the real yield curve, ߝ௧, 

௧ߝ
ௌ, and ߝ௧

. That is, 

௧ܫ ؠ ∑ ܽ௬
ஶ
ୀ · ൣܾߝ௧ ∑ ܽ

ஶ
ୀ  ௌܾߝ௧

ௌ ∑ ܽௌ
ஶ

ୀ  ܾߝ௧
 ∑ ܽ

ஶ
ୀ ൧   

    ൌ ଵ

ଵି
ቀ ಽ
ଵିಽ

௧ߝ 
ೄ

ଵିೄ
௧ߝ
ௌ  

ଵି
௧ߝ
ቁ.                     (17) 

Note that ߝ௧ ௧ߝ ,
ௌ, and ߝ௧

  reflect monetary policy shocks. If ܫ௧ ൌ 0, the monetary 

policy stance can be interpreted as neutral. On the other hand, if ܫ௧  0, the monetary 

                                                  
10 For the quantitative easing program, the policy commitment was to maintain the program until the 
consumer price index registers stably at zero percent or shows an increase year on year, while for the 
comprehensive monetary easing program it was to maintain the program until the Bank of Japan 
judges that the 1 percent goal is in sight. 
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policy stance can be viewed as accommodative and as conducive to improving the 

output gap. Conversely, if ܫ௧ ൏ 0, the monetary policy stance can be regarded as 

contractionary. Unlike interest rate gaps for a single maturity, the IIE derived from the 

entire yield curve provides a good indicator of developments in financial conditions 

overall. As shown in Figure 10, developments in the IIE are similar to those in firms' 

funding conditions, another indicator measuring financial conditions overall reported in 

the Tankan by the Bank of Japan. 

Decomposition of the IIE indicates that during the zero interest rate policy period 

the steepening of the yield curve due to the zero policy rate was the most effective in 

improving the output gap, while the bending of the yield curve due to the Bank of 

Japan's commitment policy aiming to influence medium-term yields was the most 

effective during the quantitative easing and the comprehensive monetary easing 

programs.11 On the other hand, under the QQE program, the Bank of Japan's long-term 

government bond purchases have played a key role in the downward shift of the yield 

curve, and thereby improved the output gap. Our natural yield curve model implies that 

the impact of the overall QQE program on the output gap, measured by an increase in 

 ௧, is equivalent to the possible impact of a steepening of the yield curve with aܫ

reduction in the short-term interest rate of 190 basis points. 

 

5. Concluding remarks 

This paper illustrated the concept of the natural yield curve and an approach to 

measuring it. Our NYC model allows us to estimate the natural yields for all maturities 

using information on the entire yield curve and distinguish the following differences: 

the difference between the sensitivity of the economy to various shapes of the yield 

curve gap, and the difference in the term structure between the natural yield curve and 

the actual real yield curve. The yield curve gap can be used to measure the financial 

conditions implied not only by interest rates at a specific maturity but also by the entire 

                                                  
11 In Figure 10, the contributions of ߝ௧

, ߝ௧
ௌ, and ߝ௧

 to ܫ௧ are referred to as a downward shift, a 
steepening, and a bending of the yield curve, respectively. 
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yield curve. 

However, existing monetary policy models such as dynamic stochastic general 

equilibrium (DSGE) models as well as monetary policy rules such as the Taylor rule do 

not take the term structure of natural yields into account. This means that we cannot 

apply those existing models and rules to the natural yield curve, which contains 

information on interest rates for all maturities. From both a theoretical and practical 

viewpoint, it is important to extend and generalize those existing models and rules to 

incorporate the natural yield curve. Such an extension remains a task for future work. 
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(a) DNS model                                              (b) NYC model 

Parameter Estimate (std. err.)  Parameter Estimate (std. err.) 

ܽଵଵ 0.857  (0.033)       ܾ 0.215  (0.051)     

ܽଶଵ 0.150  (0.052)       ܾௌ 0.117  (0.014)     

ܽଷଵ 0.061  (0.105)       ܾ 0.045  (0.018)     

ܽଵଶ 0.005  (0.033)       ܽ௬ 0.924  (0.032)     

ܽଶଶ 0.927  (0.051)       ܽ 0.847  (0.090)     

ܽଷଶ 0.124  (0.106)       ܽௌ 0.844  (0.053)     

ܽଵଷ 0.081  (0.014)       ܽ 0.893  (0.025)     

ܽଶଷ 0.099  (0.022)       ݃௬ 0.061  (0.017)     

ܽଷଷ 0.985  (0.043)       ݃௬ௌ 0.064  (0.019)     

  0.019ߤ (0.001)       ݃௬ 0.059  (0.244)     

 ௌ 0.009ߤ (0.001)       ݄௬ 0.921  (0.055)     

  0.038ߤ (0.002)       ݄௬ௌ 0.318  (0.241)     

 0.143 ߣ (0.001)       ݄௬ 0.032  (0.069)     

  ݄ௌ 0.291  (0.253)     

  ݄ 0.906  (0.705)     

  ݄ௌ 1.371  (1.377)     

Table 1. Estimates of the model parameters 
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Figure 1. Factor loadings in the Nelson‐Siegel model 

The figure plots the case of ߣ ൌ 0.143. 
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Figure 2. Illustration of the yield curve gap   
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(a) Uniform distribution 

 

 

 

 

 

 

 

 

 

(b) Step distribution 

 

 

 

 

 

 

 

 

 

 

 

 

 

(c) Beta mixture distribution 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Distribution of  ࣘሺ࣎ሻ   

0

0.1

0.2

0.3

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

߶

߱ 1݂ 

ሺ1 െ ߱ሻ 2݂ 

߶ሺ߬ሻ 

τ years

0

߶ሺ߬ሻ 

1ݓ

0ݓ

2ݓ

1ܶ ൌ 10 0ܶ ൌ 2 ܶ ൌ 20 
0

τ years

0

ഥݓ

0
ܶ ൌ 20 

߶ሺ߬ሻ 

τ years



24 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Domain of   ࢝

The figure plots the case of ܶ ൌ 2 years, ଵܶ ൌ 10 years, ଶܶ ൌ 20 years, and ߣ ൌ 0.143. 
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(a) Real zero coupon rates 
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(c) Potential growth rate 

 

 

 

 

 

 

 

 

 

Figure 5. Data used for estimation 
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(a) Level factor 

 

 

 

 

 

 

 

 

 

(b) Slope factor 

 

 

 

 

 

 

 

 

 

 

(c) Curvature factor 

 

 

 

 

 

 

 

 

 

Figure 6. Components of yield curves 

The shaded areas indicate 90 percent confidence intervals.  
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(a) Yields for all maturities 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(b) Yields for selected maturities 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7. The natural yield curve 

The shaded areas indicate, from left to right, the zero interest rate policy, quantitative easing, 
comprehensive monetary easing, and quantitative and qualitative monetary easing. 
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(a) Zero interest rate policy                             (b) Quantitative easing  
 

 

 

 

 

 

 

 

 

(c)   Comprehensive monetary easing              (d) QQE 

 

 

 

 

 

 

 

 

 

 

Figure 8. Yield curves during each of the monetary easing programs 
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(a) 10‐year maturity 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 2‐year maturity 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9. The natural yields and actual real yields 

The shaded areas indicate, from left to right, the zero interest rate policy, quantitative 
easing, comprehensive monetary easing, and quantitative and qualitative monetary easing. 
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Figure 10. The IIE and firms' funding conditions 

The figure shows the 4-quarter moving average of the IIE. Firms' funding conditions are 
represented by the D.I. for firms' financial position, which is obtained from the Tankan, 
Short-term Economic Survey of Enterprises in Japan, reported by the Bank of Japan. 
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