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Abstract

In the standard new Keynesian models, the optimal inflation rate is zero while the
long-run inflation rate is non-zero positive in many countries. In this paper, we provide
a new rationale for the non-zero trend inflation by utilizing the productivity gap between
the intermediate-goods sector and the final-goods sector. The productivity gap among
the sectors creates the relative price trend of the CPI and the PPI, which is observed
in the actual data. Then, we show that the Ramsey-optimal inflation rate of the CPI is
positive while that of the PPI is negative. In addition, thicéent allocation cannot
be achieved under the productivity gap. Finally, we investigate the optimal monetary
policy response to a shock under the trend inflation. Our results suggest that non-zero
trend inflation dramatically alters the optimal monetary policy.
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1 Introduction

Optimal rate of inflation and optimal monetary policy are fundamental but separately con-
sidered issues in the theory of monetary policy. Indeed, recent monetary policy research
based on the 'new Keynesian synthesis’ abbreviates the former by postulating zero inflation
at the steady state. This custom is usually justified since the optimal rate of inflation is typ-
ically zero as long as researchers except the additional assumptions such as the opportunity
cost of money holding.

However, as is presented in Table 1, the long-run inflation rate of the consumer price
index, the CPI, is not zero in major developed countries. The standard theory achieves the
limited success to explain this non-zero positive CPI inflation as an outcome of the appro-
priate monetary policy operation. Notably, Schmitt-Ge¢and Uribe (2005) show that the
optimal inflation rate is -0.4% in the sticky-price medium-scale dynamic general equilib-
rium model with the zero boundary on nominal interest rates and the distortion from the
monopolistic competition, which are often cited as the rationale for setting positive inflation
targets. Schmitt-Grahand Uribe (2005) addres& his result poses the challenge for future
researchers of finding a theoretical explanation for the optimality of positive inflation..”

Table 1: The long-run CPI inflation rate around the world

US UK GER ITA SWE CAN JPN SPN AUS

1950-2005 3.82 5.77 274 6.39 514 401 3.74 7.65 5.66

Note: All inflation rates are measured in terms of the consumer price index, the CPI.
Source: "International Financial Statistics,” IMF.

The goal of this paper is to provide a new rationale for the non-zero positive CPI inflation
rate and to study the optimal monetary policy under the trend inflation. In order to investigate
the optimality for the non-zero positive inflation, we focus on the trend in relative prices,
which is also observed in the data. Figure 1 illustrates the long-run downward sloping trend
in the relative price of the producer price index, the PPI, over the CPI.

According to the new Keynesian view such that thefficeency loss induced by price
stickiness should be minimized, perfect stabilization of the CPI does not always lead to the
welfare maximization in the presence of the multiple source of the nominal rigidities. This
issue has been studied by Aoki (2001), Erceg, Henderson, and Levin (2000), or Huang and
Liu (2005) in the context of the cyclical variatiohsIn these models, a shock creates a

1Aoki (2001) points out that the "core inflation” should be stabilized instead of the overall CPl, if the "core”
prices are sticky while the "non-core” prices are flexible. Erceg, Henderson, and Levin (2000) maintain that
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Figure 1: The relative price between the PPl and the CPI in US, UK, and Japan
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transitory trade-fi between the source of nominal rigidities through the the relative price
fluctuations.

Compared to these studies about the cyclical variations around the trend, our primary
concern is to study the optimal inflation rate. The relative price development is not just
a cyclical phenomenon but also a trending one as is shown in Figure 1. Namely, when
the relative price of the CPI and the PPI has a certain trend, it is infeasible to stabilize all
individual prices even without stochastic shocks because at least one of the inflation rates
must deviate from zero. In such a situation, the central bank has multiple choices. One
extreme of these choices is to stabilize the CPI and accept the deflationary PPI. Another
extreme is to stabilize the PPI and accept the inflationary CPI. For this reason, the relative
price trend can be regarded as a promising candidate to explain the non-zero trend inflation.
In fact, we show that the welfare maximizing CPI inflation rate is non-zero positive in the
presence of the trending relative prices.

The dfect of the relative price trend does not stop here. The relative price trend also
affects the optimal monetary policy by inducing the non-zero trend inflation.

Non-zero trend inflation is not problematic for the optimal monetary policy analysis as
long as the equilibrium dynamics is independent from the level of the trend inflation. Un-

stabilizing the sticky wage in addition to the sticky price is optimal. Huang and Liu (2005) demonstrate that
not only the CPI but also the PPI should be stabilized when both the CPI and the PPI are sticky.
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fortunately, however, recent studies (Ascari (2004), Kiley (2004) and Cogley and Sbordone
(2006)) point out that the dynamics of inflation hinges upon the level of the steady state in-
flation rate. These studies suggest that the "new Keynesian Phillips curve” (NKPC), which
is the key equation in the context of the new Keynesian synthesis, changes its form under the
non-zero trend inflation. Hence, the relative price trend is expected to change the optimal
monetary policy by inducing the non-zero trend inflation, which alters the cyclical dynamics
of inflation. In this paper, we explore the optimal monetary policy under the non-zero trend
inflation in addition to the optimal rate of inflation.

This paper shares some similarities with recent papers. Khan, King, and Wolman (2003)
and Schmitt-Groé and Uribe (2005) investigate the optimal inflation rate and the optimal
monetary policy in the dynamic general equilibrium models. Both of these papers find that
the optimal inflation rate is actually negative since the "Friedman rule” plays a dominant
role. Namely, Schmitt-Grahand Uribe (2005) demonstrate that the zero boundary on nom-
inal interest rates is of no quantitative relevance because the level of the nominal interest
rate is high enough to avoid hitting the zero bound.

By contrast, our motivation in this paper is to add a new theoretical reasoning behind
the positive CPI inflation in the post-war period, utilizing the relative price trend in the
data, which is not explored in their papers. In addition, this paper keeps the analytical
tractability and clarifies theffect of non-zero trend inflation on the optimal monetary policy
although Khan, King, and Wolman (2003) and Schmitt-G&amd Uribe (2005)’s results
are basically numerical and do not mention the role of the non-zero trend inflation on the
optimal monetary policy.

Wolman (2005) is the only exception to study the optimal rate of inflation under the
relative price trend in the dynamic general equilibrium models. The méerence of ours
from Wolman (2005)’s paper is that (1)we explicitly model an input-output linkage among
sectors to make a natural distinction between the CPI and the PPI and (2)we derive not only
the optimal rate of inflation but also the optimal monetary policy under the non-zero trend
inflation.

Our analytical results reveal that thieient allocation cannot be achieved in the face
of the relative price trend because thefiieéency loss of the relative price dispersions can-
not be zero under the trend inflation. This sub-optimal equilibrium allocation exhibits the
clear contrast with the one sector sticky price models of Woodford (2003) or the multisector
models of Aoki (2001) and Huang and Liu (2005). As for the inflation rate in each sec-
tor, the optimal trend inflation of the CPI is positive while that of the PPI is negative. This
conclusion supports our view that the relative price trend can be a promising candidate for
justifying the positive long-run CPI inflation. The sensitivity analysis of the optimal trend
inflation clarifies that prices of the stickier and more demand elastic goods should be sta-



bilized. Finally, optimal monetary policy under non-zero trend inflation shows the decisive
contrast to the standard sticky price models. Under the non-zero trend inflation, the central
bank can improve the welfare by assigning the disparate roles to the short-run response and
the long-run commitment.

The remainder of the paper is organized as follows. Section 2 describes the theoretical
model, Section 3 shows what is the price stability under the production chain economy with
a relative price trend, Section 4 illustrates the how the optimal monetary policy changes with
and without a relative price trend, and Section 5 concludes the paper.

2 The structure of the production chain economy

In this section, we describe the two sector production chain economy, where a large number
of identical and infinitely lived households enjoy leisure and consumptionfi&rdntiated
final goods.

The key feature of this economy lies in the production side. In the intermediate goods
sector, a firm produces aftBrentiated intermediate good from a labor input and sells his or
her product to final goods firms. In the final goods sector, a firm produced$eaeditiated
final good out of labor and the composite of intermediate goods. A firm in each sector is
a monopolistic competitor in the product market and follows the Calvo (1983) type sticky
price setting. Since the production process of a final good is two stages, we call this economy
as the two sector production chain economy.

The model here has a similar structure with the one developed by Huang and Liu (2005).
The main diference is the existence of intermediate-goods-specific technological progress,
which generates a tradéfdetween stabilizing the two measures of inflation. In addition, it
will be shown that positive trend inflatiorffacts the dynamics of the economy around the
steady state although Huang and Liu (2005) assume zero trend inflation in both sectors. In
the rest of this section, we describe the settings of this economy in detail.

2.1 Households

At the beginning, we specify the utility function for a representative household as follows,

E Y AIU(C) - V(N)] (1)
t=0

whereE is an expectation operatgs,is the subjective discount factdt, is consumption,
andN; is labor hours. In addition, we presur€C) = In(C) to satisfy the King, Plosser,
and Rebelo (1988)'s condition for the existence of the balanced growth path.



The consumption good is represented as a Dixit-Stiglitz type composite indeffestf di
entiated final goods such that

1
Ci= [ f Yoo d]

0

0 /(0s—1)

whereY(]) is the amount of a typgfinal good and); > 1 is the price elasticity of demand
for final goods. The contemporaneous budget constraint for the representative household is

P#Ct + EtDtt+1Bria < WEN; + TIe + By + T

whereE;Dy ., is a price of one period contingent claim boiijs the amount of the bond,
ITis the dividend from firms, and is the lump-sum transfer from the government.

From the consumer’s cost minimization problem, the demand for a final good can be
derived as follows,

Pr(i) ™
ORI I

(@)

whereP;(j) is the price of a final goog andP;; = [fo1 P::(j)*d j]¥1-9) gives the aggre-
gate price index of the final goods. This aggregate price index corresponds to the CPI.
The first order conditions for the household are given by,

W Vit

_t _ 3

Pft Uct ( )
Pt

Uct :ﬁEt Uc,t+1Rt P (4)
ft+1

whereU, = 9U/0C, V, = dV/ON, R = EtDml‘l is the nominal yield of the bonds and
Di. = B (U /U)(Pst/Ps.) is the stochastic discount factor. For analytical simplicity, we
assume/,; = 1.

2.2 Firms and optimal price setting
2.2.1 Production technology and technology shocks

Labor and a composite of intermediate goods are necessary to producejdihaleyood.
The production technology is expressed by the following Cobb-Douglas production func-
tion, (0< ¢ < 1).

Yie(i) = Yol§) (AreNpe ()" (5)

whereYn(j) = [fol Yon(j, 1)@m= D/omdj]om/m-1) s @ composite of intermediate goods for a firm
J. N¢(j) represents the labor input,, > 1 is the elasticity of substitution amongfidirenti-
ated intermediate good8y; is the technological progress in the final goods sector.
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To produce a typeintermediate good requires labor as an only input.
Ymt(i) = Athmt(i) (6)

whereA, is the technological progress for the intermediate goods sectddaifldenotes
the labor input for a firm.

Let Z¢ = Ax/Ax1 denote the growth rate of the technological progresk sector
(k € {f, m}). By assumption, on the non-stochastic balanced growth gatis, constant and
equals taz, > 0. Also, letZ = In(Z«/Z) denote the percentage deviation of the growth
rate of technological progress. Then, the evolutio#@fs assumed to be given by,

Zyii1 = pilit + €1, P < 1

where we assume; is i.i.d. normal, mutually independent with finite varianceogf The
assumptions on the stochastic process are just for the analytical simplicity.

2.2.2 Optimal price setting in the final goods sector

Solving the cost minimization problem yields the factor demand functions,

-\ 7-6m 1
P [ viciai

Pt
Vie (o, ..
d _ _ d
Nf = (1 ¢)_VVt L Ye(1)d]

v =oqt |

Prmt

whereP = [ fol Pm(i)1-ondi]Y/-%) represents the aggregated intermediate goods price. The
aggregated price index corresponds to the PPI. In addition, the unit cost of the final goods
production can be derived as follows,

— W\
Vi = ¢P:’;t(A—t) )
ft

whereg = ¢=¢(1 — )9,

Each firm in both sectors is a price taker in the input market and a monopolistic competi-
tor in the product market. Firms set their prices in the Calvo fashion such that when firms get
an opportunity to reset their prices at time¢hey can choose the optimal price to maximize
the discounted sum of the future profit. The price-reset probabilities of a final goods firm
and an intermediate goods firm are s and 1- an, respectively(G< a¢, any, < 1).

The optimization problem of a final goods produg¢drecomes,

max E D PR+ 75) = Vi 1Y (|
max t;af P+ 70) = Vi YR ()
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subject to eq.(2), wheres denotes the tax rate.
Solving the profit maximization problem yields the following optimal price function.

Mt Et Z:-O:t a";_t Dt,TVfTYfT( J)

B (i) = .
wl) =177 Ee 22 a7 Dy, Y (j)

(8)

wherePi,(j) andus = 6¢/(0; — 1) represent the optimal price for a firmand the price
markup ratio, respectively.

2.2.3 Optimal price setting in the intermediate goods sector

Solving the cost minimization problem of an intermediate goods firm and aggregating across
firms, we obtain the factor demand function and the unit cost function, as shown in eq.(9)
and eq.(10).

a1 (g
NG = 2 [ Yad ©
W,
Vit = — 10
= (10

We also suppose the Calvo type price setting in the intermediate goods sector and obtain
the optimal price function for an intermediate goods firm

p* (|) — Mm Et Z:O:t af’r;‘]_t Dt,TVmTYmT(I)
mt 1+Tm E X%, @it DerYe(i)

(11)

whereP; (i) andum = 6/(6m — 1) denote the optimal price of a firmand the price markup
ratio, respectively. In both sectors, a firnfistes demand at the posted price.

Given the labor demand in the two sectors, the labor market clearing condition suggests,
N; = N?t + Nr?“. At the equilibrium,B; = 0 andT; = 7¢{P#C; + 7PmtYmt hold. Finally, in
order to focus on thefiect of price stickiness, we eliminate the distortion of the monopolistic
competition by setting * 7 = u, following Woodford (2003).

2.3 The indficiency loss of the relative price dispersion

Since we do not assume zero inflation at the steady state, while it is normally presumed in
the standard new Keynesian literature, we need to take tlfiécieacy loss of the relative

price dispersion under the non-zero trend inflation into account. As is stressed in Goodfriend
and King (1997), infficient price dispersion results in a misallocation of aggregate output
across alternative uses of goods. In especial, non-zero trend inflation distorts the equilibrium
allocation even at the steady state. We demonstrate it in the following.



First, we specify the iniciency loss of the relative price dispersion in the intermediate
goods sector. Using the production function, the aggregated labor input equation, and the
demand function, we rewrite the aggregated labor input in the intermediate goods sector as
follows,

te 1 1t Pmt(i))_gm _
' fo t(l) I Amtjo\ t(l) I Amtjo\ ( Pmt « (12)
1
= msthmt

whereS = [ [Pr(i)/Prd mdi.
The last expression of eq.(12) implies,

_ AniNm
=5

As is demonstrated in Schmitt-Gretand Uribe (2004), a kind of indices lik&,; is
bounded below ongFrom eq.(13), we can see that output is distorted in the caSgof 1.
Therefore,Sp; can be regarded as a measure of théficiency loss due to relative price
dispersior®. In fact, the highelS, is, the more labor is needed to produce a given level of
the composite intermediate goods.

Obtaining the distorted output in the final goods sector in a similar way and combining
with eq.(13) give the distorted output in the whole economy.

_ (AmNm)? (AN
Sftsﬁqt

Yot

(13)

Ci

(14)

whereSy; = fol[Pft(j)/ Pr]™"dj > 1.

Eq.(14) shows that if botss andS,, are one, the economy can attain thcgent al-
location. However, if not, the relative price distortion pushes output inside the production
possibility frontier. Hence, we can regardsgS’, as a measure of the ifigiency loss
from the relative price dispersidn.

In order to study the irféiciency loss at the equilibrium, we also derive the dynamics of
the indficiency loss of the price dispersion irk&ector.

2Let Xq(i) = [Pwe(i)/P]* % and plug it into the price index. Then, we obtaijgl[xkt(i)di](’k/("k‘l) =
1. By definition, Sy; = fol Xq()*@Ddi.  Finally, applying Jensen’s inequality, we can show=l
[ XD @D < [ ()G = Sy,

3The exact infliciency loss is expressed as-1/Sp.

4The exact infiiciency loss is 1- 1/(Sft8ﬁ“).
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[P | ™ P
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P
+ a/k(l - a/k) [%
t

= (1 - a/k) + a’kﬂi‘éskt_l

Eq.(15) suggests thai < a;l/ak is necessary foBy to have a stable root, wherg,
denotes the steady state inflation. Hereafter, we limit our attention within the range of O

7?k < a’El/ekF

2.4 The balanced growth path

This economy has two types of permanent shocks. As a result, a number of variables such
as output and real wage, will not be stationary along the balanced growth path. We therefore
transform variables so as to obtain a set of equilibrium conditions that involve only stationary
variables. To be specific, utilizing the cointegration relationships, we de@eaddW, /P,

with A = AT AL, Pr/Pre with Ay = ATAE, and Y, with Any, respectively. We denote

the set of equilibrium conditions after detrendlng as follows,

G R

— 16
AE tCt+17Tft+1zlt+1 (16)
W,
C = P_ftt (17)
Vie  — 5 (W)
=— = — 1
= ot =6t o (18)
Vi _ W
_ Ymt 19
P PG (19)
=(1- ¢)V\/t/PftSftCt (20)
Vit
Nmt ¢Qtsftsmtct (21)
C
= V1S Qtt (22)

SLet 6x=10. Then, in the case @f=0.25, 0.5, and 0.8, the upper ceiling of the inflation rate is 90.37%,
31.95%, and 9.034% per year, respectively.
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Tmt 1
Q=—"Qu (23)
Ty Lot
P 1- ant o
Tkt _ k7t
P [—1— " ) , ke{km} (24)
* —6k
Ske=(1- a’k)( ) + aimy Sy, ke {f, m} (25)
Pt
P*
Do M Py fmy (26)

Pt 1+ Tk Pt

Y = E i(afﬁ)"‘(sz:)af Vir (27)
$1 = E Z(afﬁ)T ‘(Pn)ﬁ_l (28)
Umt = EtZ(amB)” fP (F;Z) Vinr (29)
bt = EtZ(amﬂ)” :’ (I;:I)gm_l (30)

wherezZy, = Z+*Z%, Zo = Z1; /2, andQ; = Ppy/Ps.

Since the assumptions on preference and production technoldiggestne balanced
growth restriction, we can attain the unique balanced growth%ath.

3 Inflation gap and dficiency

3.1 Inflation gap in the production chain economy

In the production chain economy, the productivity gap among the sectors determines the
inflation gap between the PPI and the CRVe will show the linkage between the techno-
logical progress and inflation, below.

Proposition 1: On the balanced growth path of the two sector production chain economy
where the production functions are expressed as eq.(5) and eq.(6), the relative inflation rate

5To be precise, the balanced growth requires the relative risk aversion in consumption to be unity and the
disutility from labor separable. In addition, in the class of constant elasticity of substitution (CES) production
functions, the Cobb-Douglas case is the only one permitting a balanced growth path. The existence of the
unigue balanced growth path is described in Appendix 1.

"When we refer to the productivity gap and the inflation gap, we mean the sectéeatdce in the rate of
the technological progress and inflation.
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of the final goods and the intermediate goodgisa the following relationship.

— 1-¢
Im - (ﬁ) (31)

s Zm

whereX represents x is on the balanced growth path apet Pi/Py1, Put, Pret > 0, 7 <
a, "%, ke {f,m.

Proof: Suppose that eq.(31) does not hold. Then,

_ 1-¢ -
77%1 > (<) (;_;) - Zn(7tm/ ) > ()1

_Z;;T)]Zil—z» (32)
Yot/ Yot 1) T/ T
(Ymt/ Yme1)(tm/7¢) > (<)1 fort >0
Yit/Yi-1
Eq.(32) implies,
Pt
m
_Pft — 5 00 (0) (33)

From eq.(33), it is obvious that the economy is not on the balanced growth path. We have
proved that the contrapositive of the original statement is true. Therefore the original state-
ment is also true because the two statements are logically equivalent.

Propositionl indicates that the inflation gap between the PPI and the CiRdated by
the sectoral technological progress and the input share of the intermediate ¢pddhis
result is interesting in a sense that real factors such as production strutctelree nominal
aspect of the economy. Further, it implies that the central bank faces a fifduktvoeen the
CPI and the PPI stabilization unless the productivity gap is Z&re(Zy).

Propositionl also suggests that the productivity gap cannot pin down the level of inflation
by itself. Thus, the perfectly stabilized CPI with the deflationary PPl and the perfectly
stabilized PPI with the inflationary CPI are both consistent with proposition 1, though the
perfectly stabilized PPI1 and CPI cannot be achieved at the same time.

3.2 Can we attain the #ficient allocation under the inflation gap?

As is evident from eq.(14), the economy can achieve fhieient allocation when botB
andS;, are one at the same time. However, as is shown in the proposition 2 below, when

8In other words, eq.(31) is the necessary condition for the existence of the balanced growth path. In this
paper, following conventions in modern macroeconomics, we study the economy on and around the balanced
growth path.
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the rate of the technological progress in each sectoffisrdnt, the economy cannot achieve
the dficient allocation.

Proposition 2: On the balanced growth path of the two sector production chain economy
described in the section 2 where the production functions have the expression of eq.(5) and
eq.(6) and prices are sticky in both of the sectors, ffieient allocation cannot be achieved
unless the technological progress in both sectors has the same trend.

Proof: Let an inflation rate of a sectdron the balanced growth path g The relative
price of firms who have an opportunity to reset their prices can be derived as follows from
the aggregated price index,

Pt
From eq.(15) and eq.(34), the tfieiency loss of the price dispersion on the balanced growth
path is given by,

1- (077 ﬁ
—1} (34)

1- a’kﬁlﬁ(k_

o)

(4

— 1-— oy 1-— ay C

S, = >1 35
K l — ozk7_rzk [1 - Clk7_1'ik_1] ( )

Taking the first derivative of eq.(35) with respectrdgyields,

1

— 1
8S.  (1-a)Thabai<? 1 TR
= : il @1

e (- )

1- a’kﬁik_

Since 0< ax < 1, 6k > 1, andry > 0, ¢ = 1, /"%, anda/™ fulfill the first order

condition @Sy/dm, = 0). However, onlyr, = 1 gives§k = 1. Hencemy = 1 is the unique
minimizer ofS_k. Proposition 1 implies that; # m, unlessZ; = Z,,. Thus, at least one of
the indficiency loss is greater than one unl@ss= Z,.m

This result stands in contrast to what is obtained in the standard one-sector models, where
the dficient allocation can be attained by stabilizing inflation (Clarida,i,Gald Gertler
(1999); Woodford (2003)). This fflerence comes from the relative price trend between the
CPI and the PPI, which creates a tradBhetween two inflation measures. If the central
bank stabilizes the CPI, the PPI obliges to have a negative trend. Similarly, if the central
bank stabilizes the PPI, the CPI must have a positive trend. Proposition 2 suggests that either
inflation or deflation can be a source of theffimency loss of relative price dispersion.
Hence, the ficient allocation cannot be achieved under a relative price trend.
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4 What is the optimal inflation rate? -Ramsey problem

Since the most fécient allocation is not attainable in our setting, it is natural to ask the
following question: what is the optimal inflation rate that can achieve the second-best allo-
cation? In order to obtain the optimal trend inflation, which maximizes the social welfare,
we solve the Ramsey’s optimal taxation problem following Lucas and Stokey (1983), Khan,
King, and Wolman (2003), Schmitt-Grétand Uribe (2004), Levin, Onatski, Williams, and
Williams (2006)° In order to attain the optimal trend inflation, we derive the steady state
inflation rate after solving the social planner’s problem.

Here, we also postulate the "timeless perspective” such that the central bank honors com-
mitments made in the past (Woodford (2003)). Then, the optimality conditions associated
with the Ramsey equilibrium becomes time invariant.

Now, we define a Ramsey equilibrium as a set of stationary proc&Ss&sy, N+t, Nmt,

Qt, Vit:Vint, We/ Pit, R, T5t, Tnts Stts Smits Pty Pmts P/ Pty Pt/ Pmu® 1, Ytts @t ) for t > 0

that maximize the discounted sum of the representative household utility, eq.(1), subject to
the equilibrium conditions, eq.(16)-(30), and the resource constraint, eq.(143 and for

t > —o0, given exogenous stochastic procesi’etsﬁmt, values of the variables listed above
datedt < 0, and values of the Lagrange multipliers associated with the constraints listed
above dated < 0.

In our case, it is not an easy task to solve the Ramsey problem analytically. Therefore,
we compute the exact solution numerically, following Schmitt-Grahd Uribe (2005). All
the variables at the steady state are shown in Appendix 2.

4.1 Parameter calibration

We begin with calibrating the model’'s parameters. Table 2 shows the set of benchmark case
values.

First, we set the share of the intermediate inpyfsas 0.653977, using the 2000 In-
put Output Tables. Specifically, we take the ratio of "total intermediate” to "total industry
output” from the manufacturing sector. Next, the price elasticities of both of the sectors
(¢+ andéy,) are 10, which implies approximately 11% price markups. This markup ratio
is consistent with the existing studies such as Nishimura, Ohkusa, and Ariga (1999) and

9To be precise, we follow the two step method as follows. (1) Given the interest rate, derive the conditions
of the equilibrium, (2) solve the social planner’s problem in order to maximize the social welfare subject to
the conditions of the equilibrium and the resource constraint. Lucas and Stokey (1983) and Khan, King, and
Wolman (2003) obtain the Ramsey problem under stationary equilibrium. Schmité@rahUribe (2005)
derive the Ramsey equilibrium under the two kinds of technological progress. Levin, Onatski, Williams, and
Williams (2006) also solve the Ramsey problem in the presence of multiple source of non-stationary shocks.
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Table 2: Parameters: benchmark case

¢ 0.653977 the share of the intermediate inputs
in production

er 10 price elasticity of demand
in the final goods sector
Om 10 price elasticity of demand
in the intermediate goods sector
af 0.5 the probability not to reset a price
in the final goods sector
am 0.5 the probability not to reset a price

in the intermediate goods sector
Zs 1.016093 the technological growth

in the final goods sector
Zn 1.037489 the technological growth

in the intermediate goods sector
B 0.99Y4  the discount factor

Miyagawa, Sakuragawa, and Takizawa (2085Further, we set the probability not to reset

a price in both sectorsx¢ anday,) as 0.5. It suggests that firms reset their prices once a
half year. Since Bank of Japan (2000), who surveys firm’s price setting behavior, reports
that the average number of times to reset prices is one or two times in a year, our parameter
setting is consistent with this evidence. The technological progress in the final goods sector
is 1.016093 and that in the intermediate goods sector is 1.037489. These numbers corre-
spond to the avarage rate of the labor productivity growth in the machinary sector and the
wholesale and retailing sector during 1980 to 2005 in Japan.

4.2 Simulation results: the optimal rate of inflation

Table 3: The optimal rate of inflation: benchmark case

7?f 7?m

benchmark 1.0105% -1.9072%

ONishimura, Ohkusa, and Ariga (1999) report 13% as the price markup ratio in Japan and Miyagawa,
Sakuragawa, and Takizawa (2005) report 9.1%
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Table 3 indicates that the optimal rate of inflation is 1.01% in the CPI and -1.91% in
the PPI, respectively. Both inflation rates deviate from zero, suggesting each of the sector
should share the ifigciency loss from the existence of the relative price trend. This table
also shows that the CPI inflation should be stabilized with mdikdrtesince the share of the
final goods in overall transactions is greater than that of the intermediate goods.

Yet, our concern is not just to pin down the exact values of optimal inflation. A more
interesting question is how the optimal inflation rate behaves with respect to a change in
deep parameters. As is remarkably clarified in Aoki (2001) and related studies such as
Huang and Liu (2005), Woodford (2003) and Benigno (2004), heterogeneity among sectors
plays a crucial role to consider what inflation rate to stabilize. By the sensitivity analysis
with respect to the price stickiness and demand elasticity, we can investigate the role of
heterogeneity on the optimal rate of inflation while these parameters are symmetric in each
sector under the current parameter settings.

In this exercise, our analysis has a cledfatence with the existing studies in a sense
that we can show the optimal rate of the trend inflation in each sector. Hence, it can present
not only what inflation rate to target but also to what level, whereas Aoki (2001) and others
focus on the cyclical behavior and just show what inflation rate should be stabilized. It may
well to say that we introduce the importance of the sectoral heterogeneity into the analysis
of the optimal rate of inflation. Hereinafter, we display the results of sensitivity analysis of
the optimal inflation rate in each sector.

Figure 2: Sensitivity analysis (1): The optimal inflation and the price stickinesge(t
panel andy,:right panel)

— CPI inflation — CPI inflation
2t PPI inflation B 9l PPI inflation
s 1 s 1
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(xf,price stickyness in the final goods sector Km,price stickyness in the intermediate goods sector

The left panel of Figure 2 illustrates the sensitivity of the optimal CPI and PPI inflation
to the degree of price stickiness in the final goods see{dr(The right panel of Figure 2
shows the sensitivity to the price stickiness in the intermediate goods sggtor(

We see from Figure 2 that it is preferable to put more emphasis on stabilizing the stickier
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price index because iffeciency loss of relative price dispersion is greater in the stickier
price sector. These results are consistent with Aoki (2001), Benigno (2004) and Woodford
(2003) who study the role of heterogeneity in the price stickiness under the horizontally
integrated multisector models. We can say that their suggestion that the stickier price should
be stabilized with muchfort also holds in a vertically integrated multisector model that
provides a natural distinction between the CPI and the PPI.

Figure 3: Sensitivity analysis (2): The optimal inflation and the price elastiéityeft
paneld,,:right panel)
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Next, Figure 3 demonstrates the sensitivity of the optimal inflation rates to the demand
elasticity in each sectop{ andé,,). This figure suggests that it is preferable to put more
emphasis on stabilizing the price index with more elastic demand. Intuitively, the higher
the price elasticity is, the more sensitive the demand responds to the variations in relative
prices and hence the larger the distortion from the relative price dispersibiwisen we
regard the infficiency loss of the relative price dispersion as a sort of tax, the result here

corresponds to the famous Ramsey rule in the public economics such that the higher tax
should be charged on less demand elastic goods.

4.3 Optimal inflation index

It has been shown that the inflation rate that should be stabilized includes not only the CPI
inflation but also the PPI inflation. Since both of the CPI inflation and the PPI inflation are

readily available in the data, a simple policy implication is that the central bank should be
able to construct an "optimal inflation index” as following.

ﬂ?pt = Tﬂ'ft + (1 — T)?Tmt

n other words, ceteris paribus, the Harberger triangle of the higher demand elasticity sector is greater than
that of the lower demand elasticity sector.
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Utilizing the optimal trend inflation in each price measure, we can derive the optimal weight
of the CPI and the PPY, that approximates the optimal inflation index to zero inflation.

Figure 4: The weight on the CPI in the optimal inflation index
the weight of the CPI in the optimal inflation index the weight of the CPI in the optimal inflation index
: : : : 1 T T :

1,

o
kS
T

the wegiht on the CPI inflation
the wegiht on the CPI inflation

02 04 0.6 08 5 10 15 20
(xf,price stickyness in CPI sector kf,price elasticity in CPI sector
Notel: The left and right panel represents the sensitivity of the CPI weight in the optimal inflation

index to the price stickiness and to the price elasticity of the final goods sector, respectively.
Note2: The weight in the figure I§ = (7 — 1)/(7m — 7).

Figure 4 demonstrates that the weight on the CPI inflation increases with the stickiness
of the CPI but it decreases with the price elasticity of the final goods sector. These fea-
tures reflects the results of the sensitivity analysis in the section 4.2. Under the benchmark
parameters, the weight on the CPI inflation is abo€t 0

Thus far, we have obtained the optimal rate of inflation and its properties. The above
analysis has an immediate policy implication such that the "inflation targeting” policy should
target not only the CPI, which is conventionally viewed as a reference, but also the PPI. In
addition, the analysis provides a justification for the non-zero CPI inflation target without
presuming the zero boundary on nominal interest rates or the monetary friction such as the
cash-in-advance constraint.

Itis worth mentioning that the inflation rate in Table 3 is just a tentative set of the optimal
inflation rate in each sector. As is demonstrated in the sensitivity analysis, heterogeneity in
the the price stickiness and cyclical sensitivity play crucial roles to pin down the optimal
inflation rate. In order to seek for the optimal rates of the CPI inflation and the PPI inflation
in practice, it is of importance to acquire the precise estimate of the deep parameters such as
the degree of price stickiness, the price elasticity of demand in each sector and the detailed
structure of the production chain. Although empirical studies about these parameters have
been accumulated, further resear@ioe should be devoted to these subjects.
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5 Optimal monetary policy under the trend inflation

In the previous section, we examine how to pin down the optimal inflation rate on the bal-
anced growth path. A next natural question is what is the optimal monetary policy in the
presence of the sectoral productivity gap and hence the inflation gap among the price indices.

If trend inflation does notféect the equilibrium dynamics around the balanced growth
path, optimal monetary policy would be the same regardless of the optimal inflation rate.
However, as is pointed out by Ascari (2004), Kiley (2004) and Cogley and Sbordone (2006),
the dynamics of the economy changes depending on the rate of the trend inflation. Therefore,
trend inflation is expected to alter the optimal monetary policy. In the following, we study
the optimal monetary policy responses under the non-zero trend inflation by log-linearizing
the optimality conditions of the Ramsey problem and performing shock simulations around
the balanced growth patf.

5.1 The level of the trend inflation and the dynamics of inflation

Before carrying out shock simulations, we would like to make clear the reason why the
equilibrium dynamics varies depending on the level of the trend inflation. Among others,
we focus on the NKPC since the other equilibrium conditions do not alter irrespective of the
level of the inflation rate.

5.1.1 The NKPC under the trend inflation

If we allow for the non-zero trend inflation, the log-linearized optimal price function be-
comes much complicated one compared to the familiar NKPC. In general, as is shown in
Ascari (2004) and Cogley and Sbordone (2006), the non-zero trend NKPC is expressed as
in egs.(36)-(37}2 This generalized NKPC is basically identical to the NKPC of our final
goods sector and intermediate goods sector.

= BEite 1 + A(m)% + /1(7?) IB—Q ——— (36)

U = (1 - ofr”)% + o (0Bt + Enlen) (37)

125chmitt-Grolé and Uribe (2004) suggest that a first-order approximation to the Ramsey equilibrium con-

ditions provides the almost exact solution of the impulse response.
13The dfect of the trend inflation becomes weak when we assume the price indexation. However, it still

remains except for the case of the perfect indexation where all of firms adjust their prices by indexing to the
past or long-run inflation when they cannot obtain the opportunity to reset the prices. In the case of partial
indexation, our results do not change qualitatively.
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wherel(n) = (1 - an’ 1) (1 - apn”)/an’ is the slope of the unit cost, 3 andé are the prob-
ability not to reset the price, discount factor and the price elasticity of demand, respectively.
X denotes the log-deviation from the steady stajes andv represent the inflation rate and

the real unit cost of the final goods sector.

We can confirm that eq.(36) is equivalent to the standard NKPC if the steady state in-
flation is zero £ = 1).1* Comparing our NKPC with the standard one, we can point out
the following two features: (i)the additional term shows up in the RHS, @nd (ii)the
codficients vary depending on the trend inflation rate.

5.1.2 Interpretation of the NKPC (1): the role of the additional term

Eq.(37) is equivalent to the log-linearized version of the numerator of the optimal price
function. Rewriting eq.(37) yields;

b= U+ B Y (o) (M + O) (38)
i=1

Eq.(38) illustrates thaf, represents the additional loss of the profit induced by the non-
zero trend inflation. Specificallyy; is the discounted present value of marginal changes in
the future unit cost and the variations of demand, where the weights used for discounting
depend on the expected future inflation, the discount factor, and the price reset probability. In
a nutshell, once we allow for a positive trend inflation, the developments of inflation become
forward-looking because firms put their reset prices higher, expecting for the relative prices
to be cheaper along with the general-price inflation.

5.1.3 Interpretation of the NKPC (2): the slope of the NKPC

The trend inflation alsoféects the cogicients of the NKPC. The relationship between the
trend inflation and the cdiécients of NKPC is illustrated in Figure 5.

First, the slope of the unit cost(f)) is a decreasing function of the trend inflatitinit
implies that under the high inflation environment, the response of inflation is less sensitive
to the cost variations but under the low inflation environment, the response of inflation is
more sensitive. Second, we can see from Figure 5 that the impact of the additional term on
the inflation rate is weak with near-zero ¢oeent.

1The standard NKPC ig; = SE7t,1 + A(1)%. See Gdland Gertler (1999) for detail.
%In the seminal paper, Ball, Mankiw, and Romer (1988) conjecture that the slope of the Phillips curve is

"increasing” function of the inflation. Further, a recent study(Benati (forthcoming)) supports their view by
the statistical method. This gap between the theoretical implication and the empirical evidence is a promising
future topic.
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Figure 5: The coféicient of the NKPC and the trend inflation
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As we have seen above, non-zero trend inflation alters the dynamics of inflation. To
be specific, positive trend inflation results in the flatter slope of the "Phillips curve” and
negative trend inflation suggests the steeper slope of it. Therefore, in our model, the CPI
inflation responds less to the changes of the unit cost while the PPI inflation responds more
to the changes of the unit cost since the trend inflation of the CPI is positive and that of the
PPl is negative as in the Table 3. Further, the non-zero trend inflation makes the process of
inflation more dynamic through the additional term although its impact on inflation is not so
strong.

5.2 What is the optimal monetary policy under the trend inflation?

As we have shown, the process of inflation varies depending on the level of the trend in-
flation. To be specific, in our production chain model with a sectoral productivity gap and
hence arelative price trend, the dynamic process of inflatiorfisrdnt in each sector. Then,

the optimal monetary policy is also expected to change depending on the sectoral productiv-
ity gap. We will show it below by shock simulation under the Ramsey equilibrium.

5.2.1 Parameter settings

In order to examine thefkect of the productivity gap, we set the several cases. Table 4
summarizes the case settings.
Fist of all, we consider the standard one sector model with zero trend inflation as a

21



Table 4: Parameter settings

trend inflation ¢ T m Zi  Zm
One sector model Zero 0 0% 0% 0% 0%
Production Chain model Zero 0.654 0% 0% 0% 0%

Production Chain model non-zero 0.654 0.51% -0.86% 0% 1%

benchmark case where the share of intermediate infguis(zero and the technological
growth rate in each sector is also zero (the first row of Table 4).

The second case is the production chain model with zero trend inflation where the share
of the intermediate input is 0.654 as is presumed in the previous section (the second row of
Table 4). By examining this case, we demonstrate the feature of the production chain model
under the zero trend inflation.

Finally, we study the production chain model with the non-zero trend inflation (the last
row of Table 4). In order to induce the relative price trend between the CPI and the PPI, the
rate of the technological progress in the intermediate goods sector is 1% though the rate of
the technological progress in the final goods sector is Yektence, the technology gap is
1% and the trend inflation of the CPI is 0.51% and that of the PPI is -0.86%. We calculate
the optimal inflation rate following the method developed in the previous section.

5.2.2 Simulation results:a technology shock in the final goods sector

Figure 6 display impulse responses of output gap (panel (a), deviation from the natural level
of output), interest rate gap (panel (b), deviation from the natural rate), the CPI inflation and
the PPl inflation (panel (c) and (d)) to a one-percentage increase in the technological growth
rate of the final goods sectbr.These figures demonstrate that the responses of output gap
and interest rate gap are remarkablffefient in each case.

In order to understand thefect of the production chain and the trend inflation, we
interpret the one sector model with zero inflation first, then move to the production chain
model with zero inflation, and finally examine the production chain model with non-zero
trend inflation.

16The choice of the rate of the technological progress does not alter our basic results below. In our case, the

gap of the technological progress is important.
1"The natural output{) and the natural rata(;) is derived as follows, letting the lower case letters represent

logged variables. First, log-linearizing the consumption Euler equation under the flexible price equilibrium
and rewriting it agry, we obtain™ = (E&;,, - &). Using eq.(3),eq.(7), and eq.(10), the natural outpyts”
written asc; = ¢am: + (1 — ¢)as:. Plugging this into the above consumption Euler equation yields the natural
rate(ry) asriy = gpmAdmt + (1 — ¢)prAdst.

22



Figure 6: The optimal monetary policy: a shock in the final goods sector
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Interpretation (1): one sector model with zero trend inflation

Our production chain model reduces to the standard one sector model (Clarigaar@al
Gertler (1999); Woodford (2003)) when the share of the intermediate input is zero. The
dotted lines in Figure 6 correspond to this case. In the one sector model, it is preferable for
the Ramsey planner to raise the nominal interest rate associated with a positive technology
shock to cancel out the rise of the natural rate. As a result, the interest rate gap is zero.
Since the fect of a technology shock is perfectly cancelled out by raising the interest rate
associated with the rise of the natural rate, output gap and both inflation rate are all zero.

Interpretation (2): production chain model with zero trend inflation

In the production chain economy, a technology shock creates an endogenous "cost push”
term, which is exogenously presumed in the standard one sector models (Claridan@al
Gertler (1999)). To see this, we present the log-linearized version of the real unit cost in
each sector(egs.(18)-(19)).

Vit = (1 - @) + oG (a unit cost of the final goods sector) (39)
Umt = € — G (a unit cost of the intermediate goods sector) (40)

wherec; andd; denote the output gap and the relative price gap, the log deviation of the
relative price (PRCPI) from its trend'8

In the face of a technology shock in the final goods sector, the relative priceggap, ~
decreases. Then, ceteris paribus, the marginal cost gap of the final goods sector in eq.(39)
falls while the marginal cost gap of the intermediate goods sector in eq.(40) rises. Finally,
the CPl inflation falls and the PPI inflation rises in response to the unit cost changes.

To stabilize inflation, it is required for the central bank to attenuate the variations in ~
and Vi, by moving thec;. However, the sign of;"is opposite invi; and invy,. Hence,

a trade-@ between the CPI stabilization and the PPI stabilization exists. In addition, to
stabilize either the CPI inflation or the PPI inflation, we must give up the stabilization of
output,c;.

The light green line in Figure 6 represents this case. Under the production chain model
with zero trend inflation, it is optimal for the central bank to raise the interest rate gap
in response to a shock in the final goods sector. In consequence of the tighter monetary
operation relative to the one sector model case, output gap declines. In addition, the CPI
inflation falls and the PPl inflation rises.

The optimal monetary policy calls for much tighter money market operation in the pro-
duction chain economy because a tradlebetween the stability of the CPI and the PPI

8 = Gy + Ame — Are — (L= )Lt — Zimy)
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exists. If the central bank raises the interest rate jusffaebthe rise of the natural rate, it is

not enough to prevent the PPI inflation from rising too much though the bank could alleviate
the fall of the CPI inflation. As a result, in order to balance the CPI inflation and the PPI
inflation, the bank raises the interest rate more than the increase in the natural rate. Finally,
interest rate gap rises above zero and output gap declines because of the monetary squeeze.

Interpretation (3): the production chain model with non-zero trend inflation

In the presence of the trend inflation induced by the productivity gap between the interme-
diate goods sector and the final goods sector, impulse responses (the dark blue line) show
a stark contrast with those of the zero trend inflation economy. The interest rate gap rises
sharply but becomes negative for a longer period after the temporal hikes. Furthermore, the
impulse response of output gap becomes positive and more persistent.

This difference comes from the changes in the process of inflation. As we have seen
in the previous subsection, the Phillips curve becomes flatter in the CPI and steeper in the
PPI. This diference implies that the nominal rigidity of the CPI increases while that of the
PPI decreases. Since the welfare loss is greater in a sector with higher nominal rigidities,
it is optimal to pay much fort to stabilize the CPI inflation and to accept the additional
deviation of the PPl inflation from its steady state. The mechanism behind the simulation is
as following;

e By committing to the long-run monetary easing, the central bank can alleviate the fall
of the CPI inflation while she must accept the additional rise of the PPI inflation.

e However, the commitment to the long-run monetary easing results in the current out-
put jump.

e By committing to the short-run monetary tightening, the monetary authority can alle-
viate the initial jump of current output.

¢ Since the central bank commits to a long-run monetary easing, the response of output
becomes persistent.

In the classic theory of policy, Jan Tinbergen points out that the number of policy in-
struments should be at least as many as the number of policy targets when dtedsto
among the targets. In our production chain economy, a technology shock in one sector cre-
ates the tradefbbetween inflation and output because the relative price of the CPI and the
PPl works as an endogenous "cost-push” term. With this situation, Tinbergen’s theorem
suggests that the policy planner cannot pursue both of the objectives, stability of inflation
and output, at the same time.
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However, our simulation results demonstrate that by utilizing the tinfferdnce be-
tween the current and future interest rate, the monetary authority can relax this firade-o
partially. To be precise, by assigning disparate roles to the current interest rate and the
future interest rate, the central bank can turn down output gap and the deviations of the in-
flation rate from the optimum level at the same time. In this sense, the short-run response of
the interest rate and the long-run commitment to the future path of the interest rate work as
two different policy instruments.

5.2.3 Simulation results:a technology shock in the intermediate goods sector

With respect to a technology shock in the intermediate goods sector, this mechanism works
out totally oppositely. In Figure 7, we show impulse responses to a technology shock in the
intermediate goods sector.

In the one sector model with zero trend inflation, all impulse responses are zero. In the
production chain economy with zero trend inflation, interest rate gap decreases and output
gap increases. However, in the presence of the non-zero trend inflation, interest rate gap
hikes after tentative monetary easing and hence output gap decreases and becomes persis-
tent.

As we have shown thus far, the optimal monetary policy is subject to the level of the
inflation rate. The reason for it comes from thé&elience in the process of inflation. We
can conclude from our results that taking the trend inflation into consideration is important
to study the optimal monetary policy analysis.

6 Conclusion

In this paper, we study the optimal rate of inflation and the optimal monetary policy simul-
taneously under the production chain economy where the CPI and the PPI are explicitly
modeled. The key assumption here is that there exists a relative price trend between the CPI
and the PPI.

In the presence of the relative price trend and the price stickiness in each sector, it is
necessary to stabilize not only the CPI, which is conventionally regarded as a price measure
to stabilize, but also the PPI. Hence, the optimal inflation is not zero in both of the CPI and
the PPI. It may well to say that the relative price trend can be a promising candidate to justify
the positive long-run CPI inflation rate in the post-war major countries. Further, the optimal
monetary policy is subject to the rate of the trend inflation in each sector.

To be precise, our analytical results reveal that (1) tfieient allocation cannot be
achieved in the presence of the relative price trend, (2) under the benchmark set of parame-
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ters, the optimal rate of the CPlI inflation is 1.01% and that of the PPI inflation is -1.91%, (3)
the optimal monetary policy alters depending on the trend inflation. The central bank can
attain the better outcome by assignning the disparate roles to the short-run reaction and the
long-run commitment under the non-zero trend inflation.

In order to keep the analytical tractability and shed light on the role of the relative price
trend, we have focused on nominal rigidities in the CPI and the PPI. We do not mean to
claim that the price stickiness in each price measure is the only source of the frictions to be
considered. It might be promising to take into account, in addition to these price stickiness,
the other frictions such as the opportunity cost of the money holding or the zero boundary
on nominal interest rates. Yet, our analytical results suggest that these two would not change
our main conclusion: in the presence of the price stickiness in both of the CPI and the PPI,
the inflation gap induced by the relative price trend should be shared with both sectors, and
hence the relative price trend provides an appropriate rationale for setting positive inflation
targets.

Appendix 1:The existence of the balanced growth path

The unique balanced growth path (BGP) exists in the sticky-price, production-chain econ-
omy where the rate of technological progress t§edent among the sectors as long as the
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BGP inflation rate irk sector s#fices 0< 7 < a; /.

To begin with, we seek for the balanced growth rate under the BGP. Then, we show the
existence of the BGP, which is consistent with the balanced growth rate.

The balanced growth rate
First of all, we assume that the nominal interest raf ighich is time invariant on the BGP.
In addition, the growth rate d; is arbitrary constanit), by the definition of BGP.

From the consumption Euler equation, the following holds on the BGP,

R — = _
B=Yc=1=m¢ :ﬁRycl
usi
Then, the optimal relative price for the final goods sector is expressed as follows.

— 1
P?t 1- afﬁ?f_l o
_— = (41)
Pft 1- as

Eq.(41) means the optimal relative price is constant. TBertan be expressed as follows,
implying S is time invariant.
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The definition ofQ; is Q; = P/ P3:. On the BGP, the growth rate Q_‘t must be constant.
SinceQi/ Qi1 = /7t and#y is time invariant, thusy; must be time invariant. Given the
constantr,, the same operation will provide the time invariant optimal relative price and
inefficiency loss for the intermediate goods sector.
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Now, using the aggregated production functions, we get

C/Ca=Z0Zi" =2 (42)
Y_mt/ ?mt—l = Zm (43)

Eq.(42) is they.. Further, using the household FOC for the labor supply, we can say
(We/Pro)/(We-a/Pres) = Z.
On the BGPYQ:/C; is also arbitrary constant, implying

(_ th_(it/et_ ) - 1= 7& Z]_

Ymi-1Qi-1/Cr-1 e Znm

we can also show that the relative share of labor in each sector is constant on the BGP.
Nt _1-¢ QAw
Nm _ ¢_ (\Nt/Pft)Sm

_th/l\imt 2oy
Ntt—1/Nme1 Z;

=1

Further,vs; andv,,; are also time invariant.
Vit ( 9_t )¢( _VT/t/FEft )1_¢(Aft—1)1_¢ _1
Vit Q1) \We-1/Pria Ay

Vint _ _\Nt/FEft Q-1 Amt-1 1
V1 Wi1/Pror Qr Ame

The existence of the BGP
In order to prove the existence of the BGP, we need to show the existence of unique solution
or unique solution path for each variables, which is consistent with the balanced growth rate
in the previous subsection.

First, we assume th&tis the positive constant on the BGP. In addition, the initial relative
price Qp and the initial level of technological progre&g, = 1 are given exogenously. Then,
from the consumption Euler equation, we can determineniquely as follows.

7 = BRZ*®
Sincer; is unique ands, is time invariant on the BGP, then, from the optimal price index,

The optimal price index implies the following.

o —bt
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af)ls?t]l—ef]l/(l—ef)) by P and solving forﬁ’;t/ﬁﬂ yields:

F_)?t 1- a/f;if_l e 45

B; B 1- as ( )
From eq.(44) and eq.(45), we obtain:

Vi = (1 - @) (46)

where®; = {[u/(1+ Te)][(L - 1)/(L - sy YL - @y ) /(1 - apry I

Now, m,/7s = Z, suggests, = Zorrs, implying the unique intermediate goods inflation
rate. Then, applying the similar operation to the intermediate goods cases, we can attain the
following.

Vim = (1 - ®p) (47)

where®n = {[um/(L+ Tm)][(L - am)/(L - amBrm YL - anfrm) /(1 - anBrm )]
Next, the unit cost function of the each sector is expressed as follows.

I R4
Vi = ¢Qf (Aﬂ;)
- Wi
Vi =

QtAmt

wherew; = W,/Ps,¢ = ¢7*(1 — ¢)"@%. Then, combining with eq.(46) and eq.(47), and
eliminatingQ, yields:
TR L
¢

Given the initialA¢o andAny, the unique BGP ofy; is determined. The household first order
condition for labor supply sugges® = w and hence the BGP of the consumption is also
determined uniquely.

OnceQ, is given, the unique path & is also determined uniquely.

— \t
o\l
Q= (:m) Qo
UL
Finally, letting Aso = Ao = Qo = 1 without lack of generality, the aggregated labor
demand on the BGP is unique,
$(L— @1)(L - Pr)*Sin
¢

In case ofr > o, or equivalentlyR > Z;a; """/, then,S; < 1, which implies that

output is outside the production possibility frontier and it is not feasible.

ﬁ:@+@F§MPL¢H

i
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Appendix 2:Steady state equilibrium

From eq.(27) and eq.(28) of the final goods sector,

" Vi

f=—
1- aiBry

— 1

ot =

1- Olfﬁ;:f_l
The optimal price index implies the following.

— —6
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Dividing both sides of the price indexRs; = [ fol Pr(j)0djJY4-9 = [P + (1 -

)P ] 0YA-00) by Py, and solving forP;, /Py, yields,

F_)T‘t 1- a/f;if_l e 49

=il (49)
From eq.(48) and eq.(49), we obtain,

Vi = (1 - @) (50)

where®; = {[u/(1+ Te)][(1 - 0)/(L - sy YL - @y ) /(1 - apry NI
Applying the similar operation with eq.(29) and eq.(30), the optimal price function, and
the price index of the intermediate goods sector, we can attain the following.

Vm = (1 — ®p) (51)

wheredr = {[um/(L+ Tm)][(1 — am)/ (1~ e )Y 0L ~ anT) /(1 - amBrm ]
Next, the unit cost function of the each sector is expressed as follows.

wherew = W/Ps, ¢ = ¢ *(1 — ¢)"9. Then, combining with eq.(50) and eq.(51), and
eliminatingQ yields,
(1-®¢)(1- Dp)’
¢
Now, the household first order condition for labor supply sugﬁs—tsﬁ.

W=
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EliminatingVv; andQ from the labor input in each sector, eq.(20) and eq.(21), we get,
- (-9 = ~
N = ———
T AT
’\Tm = ¢¢;(1 - q)m)1_¢s_f §m6

The indficiency losses from the relative price dispersiép,and Sy, is expressed as
eq.(35).
eq.(23) suggests, = n:Z,. Finally, from the consumption Euler equation, eq.(4),

_ R
7Tf=ﬁz—l

Then, once the central bank choo$eghe steady state equilibrium is uniquely deter-
mined because all the steady state variables can be written as implicit functions of deep
parameters an.'
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