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Abstract

This paper generalizes the Golosov-Lucas model (GL model), a single
sector menu cost model with idiosyncratic productivity shocks, to multi-
sector setting. While the GL model matches some empirical facts, it cannot
mimic decreasing hazard functions for price changes, which are observed
in many countries. With realistic parameters, the smulation results of the
generalized GL model show many features observed in empirical evidences
such as decreasing hazard rates. In addition, the simulation results with
monetary shocks show flattening of the Phillips curve in alow inflation en-
vironment.
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1 Introduction

Price setting behavior is one of the most important research areas in macroe-
conomics. There are two major categories. time-dependent pricing and state-
dependent pricing. Inthe New Keynesian context, time-dependent pricing such as
Calvo (1983) and Taylor (1979, 1980) is popular. While time-dependent pricing
is convenient for monetary policy analysis, there is no micro foundation in it and
therefore it is subject to Lucas critique.

State-dependent pricing is more appealing since it assumes that firms choose
not only the size of price changes, but also the timing of price changes. State-
dependent pricing can be split into two categories: menu cost models with id-
iosyncratic productivity shocks such as Golosov and Lucas (forthcoming) (GL
model), and models without them such as Caplin and Spulber (1987) and Dotsey,
King and Wolman (1999). Note that, in menu cost models without idiosyncratic
productivity shocks, the only source of price changes is monetary shock. Such
models are inconsistent with the empirical fact that price changes occur frequently
even when inflation is zero.

Golosov and Lucas (forthcoming) introduce idiosyncratic productivity shocks
into a menu cost model so that price changes occur even under a zero inflation
environment. Even the GL mode!, however, can’t explain decreasing hazard.! De-
creasing hazard is observed in many countries such as Japan (Saita et a. (2006)),
United States (Nakamura and Steinsson (2006a), Klenow and Kryvtsov (2005)),
and Euro Area (Alvarez, Burriel, and Hernando (2005)).2

To produce decreasing hazard, the model needs to generate time series of in-
dividual prices so that a substantial fraction of price changes occur in the first
few months after a price change while a considerable fraction of individual prices
remain constant in two or three years after a price change. Since the GL model
includes only one sector, the model can’t generate time series with such hetero-
geneity.

1Decreasing hazard rates imply that a firm will have lower probability of changing its price
the longer it has kept it unchanged. By the term “decreasing hazard,” people often mean two
different things: decreasing hazard across products and decreasing hazard for individual products.
Throughout this paper, | use the term “decreasing hazard” to mean a decreasing hazard across
products.

2The decreasing hazard for individua products found by Nakamura and Steinsson (2006a) is
aso interesting but 1 will not focus on this fact. This fact may not be robust since (1) the slope
of hazard they estimate is “dlightly decreasing or almost flat,” and (2) their estimate is subject to
adownward bias due to “heterogeneity in frequency of price changes.”: Note that Nakamura and
Steinsson (2006a) also found that the frequency of price changes is increasing in inflation rates.
In addition, note that the database they use to estimate hazard contains prices under the different
inflation rates. These two thingsimply that there is “heterogeneity in frequency of price changes,”
which can be the source of adownward bias.



Explaining decreasing hazard is important to understand the effects of mon-
etary policy on real economy such as level of production: In the calibrated GL
model, money is amost neutral, which may be caused by the model’s failure to
generate time series of prices with a considerable fraction constant in long-term
asseeninFigure 1.

This paper generalizesthe GL model to multi-sector setting, where each sector
has different menu cost, variance of productivity shocks, and average productivity
level 3

Simulation results show many desirable features: First, the calibrated model
can generate decreasing hazard.* Second, the calibrated model predicts that the
frequency of price increases responds strongly to inflation while the frequency
of price decreases and the size of price increases and price decreases do not.
They are consistent with the empirical facts established by Nakamura and Steins-
son (2006a), on individua price data. Third, the relationship between inflation
and GDP predicted by the model has some interesting features, such as slope of
Phillips curve increasing in inflation rates, which are consistent with empirical
facts established by Benati (forthcoming).®

This paper is organized as follows. Section 2 summarizes the stylized facts
this paper triesto explain. Section 3 presents a two-sector menu cost model (Gen-
eralized GL Model) where the differences of sectors consist of menu cost, the
variance of productivity shocks, and the average productivity level. Section 4 de-
scribes the calibration procedure. | also show the predictions of the calibrated
model for price changes. Section 5 shows the model’s predictions on the relation-
ship between inflation and production. Section 6 concludes.

2 Stylized Facts

The main purpose of this paper isto show that the generalization of the GL model
significantly improves the model’s ability to mimic the empirical facts about the
individual prices and the relationship between inflation and GDP. Here, | summa-
rize the stylized facts with which the predictions of the generalized GL model are
consistent.

3Although | show only a two-sector model in this paper, a model with finitely many sectors
can be constructed in the same way technically.

“4For some readers, this accomplishment might seem not to be significant since | calibrate this
model to sample moments including the information of decreasing hazard. | can, however, assert
that thisis good job since previous state-dependent pricing models including the GL model can't
be calibrated so as to replicate decreasing hazard.

5By the term “Phillips Curve,” | mean the relationship between inflation and GDP generated
by the model (or observed in data), as seen in Figure 12, throughout this paper.
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Thefirst three facts are about the individual retail pricesin Japan due to Saita
et a. (2006). In 1999-2003 when Japanese economy was in moderate deflation,
(1) the average frequency of price changes is 23.1 percent per month, (2) aimost
half of price changes are price decreases, and (3) the hazard function of price
changes is decreasing. The decreasing hazard is also observed in United States
(Nakamura and Steinsson (2006a), Klenow and Kryvtsov (2005)), and Euro Area
(Alvarez, Burriel, and Hernando (2005)).

The fourth fact is about the individual prices in U.S. due to Nakamura and
Steinsson (2006a): (4) The frequency of price increases responds strongly to in-
flation while the frequency of price decreases and the size of price increases and
price decreases do not.®

The fifth fact is about the relationship between inflation and GDP. (5) The
slope of Phillips curve isincreasing in inflation rates according to Benati (forth-
coming).’

Asfor thesefacts, the GL model can’'t explain (3) and (5) whilethe generalized
GL model can explain all five facts.®

3 Mode€
3.1 Outline of the Mode

In this section, | present a two-sector menu cost model with idiosyncratic produc-
tivity shocks. | construct the model modifying the GL model. Recall that the GL
model can’'t generate decreasing hazard since decreasing hazard is consistent with
heterogeneity in frequency of price changes while the GL model includes only
one sector.

In the GL model, frequency of price changesis affected by menu cost, the vari-
ance of idiosyncratic productivity shocks, and the level of productivity. Therefore,
| present a two-sector menu cost model where the differences of sectors consist of
menu cost, the variance of productivity shocks, and the average productivity level.

Outline of the model is as follows: There is a continuum of infinitely lived
households, each of which consumes a continuum of goods and services. Each

6Golosov and Lucas (forthcoming) provide the international evidence showing that the fre-
guency of price changesisincreasing in inflation rates.

"As for the relationship between inflation and GDP, the generalized GL model also predicts
that high inflation, near zero inflation and deflation imply volatile and low average GDP while
moderate inflation implies high and stable GDP, which is consistent with empirical facts about
Japan and US data found by Sakuraet al. (2005).

8The generalized GL model can’t explain the seasonality of frequency of price changes pointed
out by Nakamura and Steinsson (2006a). This feature, however, seems to be just the out of the
scope of this model.



household supplies labor on a competitive labor market. Households are assumed
to obtain utility from real cash holdings. Money supply follows a monetary shock
process specified later.

Thereisacontinuum of firms, subject to idiosyncratic productivity shocks: 50
percent of firms are “g sector” firms, associated with relatively high frequency of
price changes, and the rest of firms are “s sector” firms, associated with relatively
low frequency of price changes.® Firms in a different sector are subject to id-
losyncratic productivity shocks generated by a different shock process. Each firm
produces only one of the continuum of consumption goods or services. Each firm
sets price of the good subject to amenu cost of re-pricing. Menu cost is measured
by labor hour. The length of the labor hour needed to change a nominal priceis
different between two sectors. Firms use labor to produce the good or service and
to re-set nominal prices.

3.2 Two Shocksin the Economy

There are two types of shocks in this economy: a monetary shock and a firm-
specific productivity shock. A different sector is subject to firm-specific produc-
tivity shocks generated by a different shock process. The log of the money supply
is assumed to follow a Brownian motion with drift parameter u and variance o2,

dlog(m) = pdt + omdZem (1)

where Z,,, denotes a standard Brownian motion with zero drift and unit variance.

There are firm-specific productivity shocks for “g sector” firms denoted by
Vg, and those for “s sector” firms vs, which are assumed to be independent across
firms. The log of a firm-specific productivity shock follows the mean-reverting
process:

dlog(v;) = —n(log(v;) — log(1 + €))dt + o,dZ,, j=gor s 2

where (1+¢) isthe average productivity level of “j sector” firms, and Z,, isastan-
dard Brownian motion with zero drift and unit variance, distributed independently
of Zy.

9] associate “g sector” and “s sector” with data in the way described in the subsection 4.2.
Given this, the weights of consumer price index adjusted by Saita et al. (2006) suggest that the
fraction of “g sector” firmsis about 50 percent.



3.3 Stateof the Economy and of an Individual Firm

The state of this economy at date t includes money stock m, a nominal wage rate
w; and thejoint distribution of firmswith (p, v;), denoted by ¢:(p, v), whereafirm
with (py, ;) denotes a firm with its nominal price p, and its current productivity
shock v;. The state of an individual “j sector” firm includes p; and v;; additionally.

3.4 Markets

Thereis alabor market where firms hire labor from households with w;. Thereis
also a capital market where claims to the monetary unit are traded. Asin Golosov
and Lucas (forthcoming), | adopt the convention that

E[ f(; Qthdt] 3

isthevalue at date O of adollar earnings stream {y; }; ,, a stochastic process defined
in terms of m.

In equilibrium, the market clearing conditions for consumption, labor, and
money are satisfied.

3.5 Consumer

At each datet, each household buys goods and servicesfrom every firm distributed
according to ¢¢(p,Vv). The household chooses a buying strategy {C;(:)}, where
Ci(p) is the number of units of the consumption good that it buys from a firm
charging nominal price p at date t. Additionally, the household chooses a labor
supply strategy {l;} and amoney holding strategy {f}, wherel, isthe units of labor
supplied and i, isdollar balances held at date t.

Let ¢, denote Spence-Dixit-Stiglitz consumption aggregate

€

. [ ORI dv)]“. @

A priceindex P; is defined as follows:

1
P = [ f p¢u(dp, dV)] - )
The expected utility of the household over timeis expressed as
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E[ f; ) eﬂ“(rlycf—y —ali + Iog(%))dt] (6)

where the operator E(-) is defined by the shock processes (1) and (2).1°
The budget constraint of the household is expressed as

E[ [ Qt( [ pepncin. v + Re - wi - nt)dt] <mo ™

whereIl; isprofit income, obtained from the household’ s holdings of afully diver-
sified portfolio of claimson theindividual firms, plusany lump sum cash transfers.
R; isthe nominal interest rate.

The household chooses buying strategy {Cq(-)}, labor supply strategy {l;}, and
money holding strategy {m} so asto maximize (6) subject to (7), taking {Q}, {R},
{w¢}, {I1¢}, {¢¢} asgiven. Thefirst-order condition for money holdingsis expressed
as

1
e‘f’ta = AQR, (8)
where A isthe Lagrange multiplier independent of time. Note that the equilibrium

condition m, = m, isimposed in the above equation. The first-order condition for
consumption is described as

e 67 ‘Cy(p) M = AQp. - ©)

The first-order condition for labor supply is
ela = AQW, . (10)

It can be shown that there is an equilibrium where the nominal interest rateis
constant at the level

R=R=p+u (11)

The linear disutility of labor in (6) can be interpreted as a reflection of the indivisible labor
setting proposed by Hansen (1985).



for all realizations of the two shock processes. As Golosov and L ucas (forthcom-
ing) did, I focus on the equilibrium where (11) holds throughout this paper. Then,
(8), (10), and (11) imply

W, = aRmy. (12

(12) implies that log(w;) follows the same Brownian motion as the one for mone-
tary shocks. Note that this structure of the model associated with (12) simplifies
the analysis significantly.

3.6 Firms

A *] sector” firm faces the demand for the good it produces C;(-), nomina wage
W;, and a productivity parameter vj;.. The production function of “j sector” firms
Is assumed to be

C(p) = vyel{ (13)

where Itf denotes labor used to produce the good.!! Suppose a firm enters the
period with anominal price p carried over from the past. Then, if thisfirm leaves
price unchanged, its current profit is

Ci(P)(p — Wi/ Vjr). (14)

If thisfirm chooses any price g # p, its current profit becomes

Ci(a)(g — Wi /Vj) — kjwg (15)

where the parameter k; is the hours of labor needed for a“j sector” firm to change
its nominal price.

Let’sthink about the present value of a“j sector” firmwithitsstate (p, vj, w, ¢r).
| expressthis present value by ¢;(p, vj, W, ¢). Thisfirm chooses a shock-contingent
repricing time T > 0, and a shock-contingent nominal price q to be chosen at T
S0 asto solve

U Here, as Golosov and L ucas (forthcoming) and many New Keynesians did in their research, |
assume each firm must satisfy household’'s demand for the good the firm produces.
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i
(P o) = el [ QPP - vy
+Qr - man[(,Dj(q, ViT, Wr, ¢1) — Kjwr] | (16)

Note that, from (4), (9), and (10), the demand function of goods and services
Is

C(p) = c%(“w'f) . (17)

From the natural normalization Qo = 1 and (10), | obtain

Q=erie, (18)

W

Then, using (17) and (18), (16) can be expressed as

ptﬂ

T _ 1-¢ Q’p h
¢j(p,vj,w,¢):mTaxE[f € G 7(—) (P — wW/vj)dt
0 Wi

W

w
+ e‘PTE - Max[p;(q, VT, Wr. ér) — Kjwr ]| (19)

The choice of stopping times T and nominal prices q that attain the right side
of (19) isapricing strategy of a“j sector” firm. In this paper, | analyze a Nash
equilibrium of pricing strategies over a continuum of monopolistically competi-
tive firms. In the rest of this section, | will describe how (19) can be analyzed and
how this pricing strategy is determined.

Finally, | define {I';;} so that I'j;dt is the fraction of the firms that belong to “j
sector” and reprice during the time interval (t,t + dt) in equilibrium. Then, the
labor market clearing condition is expressed as

|, = f C‘\(/p) $i(dp, V) + kyTge + keT's. (20)

The market clearing conditions for consumption goods and services have been
incorporated in (19).



3.7 Restatement of Firm's Bellman Equation as a Recursive
Form

Note that (19) is not recursive, including the joint distribution ¢, implicitly in c;.
This makes (19) difficult to analyze. In addition, to solve this problem numer-
icaly, 1 need to discretize this continuous time model in advance. Therefore, |
make two-step approximation as Golosov and L ucas (forthcoming) did: The first
approximation is made to keep problem recursive even if o, is positive so that the
time-invariant Bellman equation is obtained. The details will be discussed in this
subsection. The second approximation is made to discretize the continuous time
model, which will be discussed in the next subsection. | will analyze the easier
case, o = 0, first, then the harder one, o, > 0.

[The Case of o, = 0]
From (4) and (17), the consumption aggregate can be expressed as

1/(x(e-1))

1-€
q=[ f (Ov‘v—p) ¢t(dp,dv)} . (21)

Using the change of variable x = p/w;, (21) isrewritten as

]1/@(5—1))
(22)

C = [al‘f f X1 € g (dx, dv)

Now, | assume that there exists an invariant measure ¢ and express the corre-
sponding consumption aggregate, given by (22), as c.*? Then, | can restate (19)
as

T oW ap\,  w
(p, Vi, W) = max E e"’s—(_:i‘fy(—) - —)ds
(P =maxel [ eriao(SF) (-1

w
+efT—. max[e;(d, viT, wr) — Kjwr] . (23)
Wr q

Again, using the change of variable x = p/w, (23) can be expressed as

1 T 1
Loy = maxE [ e e (- o )ds
w T 0 Vis

1
- man (WX Vi, wr) kij]]. (24)

2The existence of thisinvariant measure can be confirmed numerically in the later calculations.
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Finally, setting ¢;(p, v, W) = wy (X, v), firm’'s Bellman equation becomes a recur-
sive form asfollows:

1

dt

.
wi(x V) = max E[ f e e (ax) (% —
0

+erl. n‘!(/aX[l,[/j(X,,VjT) - k]| (25)

[The Case of o, > O]

A two-shock case is hard to analyze since there must be no invariant measure
in this case, implying that the actual policy function is dependent on ¢,. Here, |
compute the pseudo-equilibrium proposed by Golosov and Lucas (forthcoming)
as an approximation, where each firm is assumed to observe the mean level of
¢; correctly but ignore all the fluctuations around this mean level. Under this
assumption, the invariant measure ¢ and € can be obtained using (22) and (25) as
in the case of o, = 0, while c reflects the effects of o,

Golosov and Lucas (forthcoming) pointed out that the model’s property that
money is almost neutral keeps the loss in accuracy caused by this approximation
little. As seen in the subsequent sections, however, money has more effects on
real consumption in the calibrated generalized GL model than in the calibrated
GL model. These two things suggest that, if | adopt this pseudo-equilibrium as
an approximation, there seems to be more loss in accuracy in the calibrated gen-
eralized GL model than in the calibrated GL model. Given the current level of
computation ability, there is no feasible aternative method available now.

3.8 Approximating Markov Chains

Here, | show the construction of approximating Markov chains. Define X =
log(p/w) and ¥ = log(v). Choose some value h as the grid size and define the
state space S = X x V. In particular, | take h = 0.025 in this paper. Smaller h
means higher accuracy of approximation while more computer memory is neces-
sary to take smaller value as h. In addition, | take v = 0.6 as the common upper
bound of X and ¥ and assume that —v is the common lower bound of X and V.

Based on the description of finite-element methods of Kushner and Dupuis
(2001), | can obtain a discrete time and state approximation of the problem (25)
as seen in below:

11



Wi(% V) = max {n(x )AL+ 7K, VIR G (R, ).
XV

I’T}a)( [H(fj, Vj)At + et Z ﬂj()?,, V-lfj, V/j)lﬁj()N(I, \7)] - kj}’ (26)

X \7’J

where

(% ) = - () e He* - e¥] 27)

and where rr; is a trangition function, defined on S x S, that | define later. The
timeinterval At isset by

At = (29)

h2
Q

where

Q=02 +uh+ 0'\2,g + nvh. (29

If | take time interval At small enough, at most one of the variables X and Vv

changes. More specificaly, if | take At satisfying (28) and if neither X nor V is at

its upper bound or lower bound, then x; of all transitions is zero except for the
following transitions:

7 (% + h 1%, ) = %/2 (30)
7 (%= h 1% ) = W (31)
(% + hIK, ) = %2 (32)
(R0, b5y = /2T e (33)

Q b
12



and

O'ﬁ]+ O'\Z,j + 77(\7] - ej)h+,uh

Q b
if of > o, u>0and¥; > e are satisfied.** At the boundaries, | assume the
probability of staying at the current stateisincreased by the probability of moving
out of the boundaries in the next period (t + At) if v were huge. The adaptations
of (30) — (34) for the other cases are obvious. | omit them for the brevity.

(% U1% ) = 1 - (34)

3.9 Decison Makingon Pricein Details

As aresult of these approximations, firm’'s problem becomes tractable. If you
follow the procedure of the value function iteration as seen in the Appendix A,
you can obtain the firm’s pricing strategy for each sector.

Note that, by construction, the firm’'s pricing strategies obtained as a result
of calculation in the Appendix A are a Nash equilibrium over a continuum of
monopolistically competitive firms: For given joint distributions {¢} of prices
and productivity levels at current and future dates, each firm’s pricing strategy is
determined by (26). Conversely, the pricing strategies adopted by all firms define
the distributions {¢;} at future dates, given the initial distribution go.

Here, | explain the basics about firm’s price setting behavior under some menu
costs using (26). Figure 2 illustrates when each firm changes the nominal price of
the good the firm produces if u is positive and the variance of monetary shocks
and that of productivity shocks are both zero. Note that

TR )AL+ € (K, ¥1% U))y(K, 7))

X \7]
and

TI(X, 9)At + €740 (X, V1% 9y (X, ) - K,

are expressed by bold curve and normal curve respectively. In addition, & j defined
by

£w) = argmax (e, D)at+ e Y (@ e k)| (@9
. RV

BNote that x = p/w. Therefore, x is expected to decrease after the nominal priceis determined
if 1 ispositive.

13



is expressed by the vertical line. As seen in this figure, each firm changes the
nominal price and chooses éj (V) as a new nominal price when the increase of
profit caused by the price change exceeds the size of menu cost ((a), (c) in Figure
2). In other words, thereisa“region of inaction” wherethe firm leavesits nominal
price unchanged ((b) in Figure 2).

Figure 3 illustrates how & ; and “region of inaction” are changed by a negative
productivity shock. Ej, the upper bound and the lower bound of “region of inac-
tion” are increased when a negative productivity shock occurs since it induces the
increase of marginal cost. Note that “region of inaction” isusually enlarged by the
negative productivity shock since the menu cost is assumed to be independent of
the quantity sold by the firm, which implies that the effective burden of the menu
cost isrelatively heavy for firmswith low productivity.

4 Predictionsof theCalibrated M odel for Price Changes

In this section, | calibrate the model and run simulations of the calibrated model
for price changes. The predictions can be used to evaluate this model.

Outline of this section isasfollows: First, | explain why some specific sample
moments are used to calibrate this model. Then, | calibrate this model. To do
calibration, | did some simulations to obtain survival rates or hazard functions
for price changes. The method of this simulation is straightforward. | describe
this method in Appendix B. It is shown that the calibrated model can generate
decreasing hazard.** Then, | test this model checking whether this model can
predict some other empirical facts on individual price data.

4.1 Sample Momentsfor Calibration

| choose the values of 7, o, and k; so that the model’s predictions on the follow-
ing sample moments fit the data best: survival rates, the share of price increases
in price changes, and the average size of price changes.’® These sample moments
are obtained from the empirical research on individua retail price data in Japan
due to Saita et al. (2006). Specifically, in the next subsection, | use the sam-
ple moments based on the data from 1999-2003 when Japanese economy was in
moderate deflation.

4while | also perform sensitivity analysis, | omit the results of them for brevity. If you want to
see the results, please send me email. Then, | may provide them to you.

5The survival rate of period t is defined as the share of nominal prices unchanged in first t
periods after a price change. The hazard rate of period t is defined as the conditional probability
that a nominal price is changed in period t given that the price is unchanged in the first (t — 1)
periods after a price change.

14



Here, | explain why | use these sample moments to calibrate n, o, and k;.
First, survival rate is necessary to calibrate the two-sector model since this in-
cludes the information about heterogeneity in frequency of price changes across
goods. 6

Second, the share of priceincreasesin price changesis also important because
thisinformation prevents overestimates and underestimates of o-,. Note that price
changes occur due to nominal wage changes or productivity shocks. Since the
productivity shocks are assumed to be symmetry, larger o, implies higher degree
of symmetry in price changes given the value of u in the sense that the share of
price increases becomes closer to 50 percent. Therefore, if | overestimate the
value of o, then the share of price increases predicted by the model becomes too
close to 50 percent.

Third, the average size of price changesis also useful. Suppose that you ob-
serve low frequency of price changes. To replicate low frequency, there are two
choicesinthe genera case: Highk; or low o,. Onthe one hand, higher k; implies
larger average size of price changes. On the other hand, lower o, generally im-
plies smaller average size of price changes becauselow o, impliesrelatively large
effects of price on firm's profit. Intuitive explanation is given in Figure 4.7 Thus,
the average size of price changes suggests why price changes are so frequent (or
infrequent).

4.2 Calibration

Here, | specify values of all parameters in the model. As for preference param-
eters p (subjective discount rate), y (relative risk aversion), and e (elasticity of
substitution), | draw on the existing research about these parametersin Japan. Co-
incidentally, the existing research seems to suggest that the values Golosov and
Lucas (forthcoming) used for those parameters in the United States might be ap-
plicablein Japan as summarized in Table 1. Therefore, | set (o, 7, €) = (0.01, 2, 7).
Asfor a, | draw on Golosov and Lucas (forthcoming) and set @ = 6, implying
that about 37 percent of the unit time endowment is allocated to work.8

16As seen in Figure 8, the empirical survival rate decreases sharply in the first few months after
a price change while it decreases slowly otherwise. This suggests that a substantial fraction of
price changes occur in the first few months after a price change while a considerable fraction of
individual prices remain constant in two or three years after a price change.

1f the variance of productivity shocks is high, then the possibility of changes of productivity
level is high. Therefore, the discounted value of the firm's profits reflects the profits consistent
with various states of productivity. As aresult, the discounted value of profits is not sensitive to
thereal price (p/w). Given thelevel of menu cost, thisimpliesthat “the region of inaction” iswide
and the size of price changesislarge.

BAas aresult, (o, 7, €, @) in this paper is the same asin Golosov and L ucas (forthcoming). This
eases the comparison.
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| set the values of parameters of monetary shocks, 4 and o, based on the
consumer price index from 1999-2003 (Table 2). This is because money was
amost neutral in the GL model. In the next section, you can confirm that money
Isamost neutral in the generalized GL model although the neutrality of money in
the generalized GL model is weaker than that in the GL model.

The difference of average productivity between “g sector” and “s sector” is
based on SNA data from 1999-2003 (Table 2 and Figure 5). Using the weights
of consumer price index adjusted by Saita et al. (2006), | calculate the labor
productivity (per hour basis) of goods sector including “agriculture, forestry and
fishing,” “food products and beverages,” and “textiles,” and that of service sector
including “service activities,” “transport and communications’ and “electricity,
gas and water supply” industries.!® The definition of each sector is determined
so that industries characterized by low frequency of price changes are categorized
into service sector. Thus, | can associate goods sector with “g sector” and service
sector with “ssector.” Asaresult, the average productivity of “ssector” isassumed
to be 10 percent higher than that of “g sector.”

After setting these parameters, | perform value function iteration following
steps described in Appendix A and obtain hazard rates through ssmulations fol-
lowing steps described in Appendix B for each set of values (, o, kj). Note that
the share of price increases in price changes, the average size of price increases
and that of price decreasesfor each set of vaues (i, o, k;) can be cal cul ated based
on the invariant joint distributions, which is obtained as a result of value function
iteration.?® Now, | also know survival rates for each set of values (i, oy, kj) since
I’'ve already known hazard rates. Thus, | can choose the values of 7, o, and k; so
that the model’s predictions on these sample moments are fitted best.

The selected values of 5,0, and k; can be seen in Table 2. As aresult of
calibration, the variance of productivity shocks of “g sector” is assumed to be
larger than that of “s sector.” The menu cost of “g sector” is assumed to be smaller

These industries cover about 77 percent of goods and services based on the weights of con-
sumer price data compiled by Saita et al.(2006). About 23 percent of goods and services are not
covered mainly because industries in SNA data are defined too roughly. For example, the labor
productivity of “precision instruments’ industry should not be associated with the labor produc-
tivity of firms producing watch. Thisis because the “precision instruments” industry includes not
only firms producing watch consumers use but also firms producing big machineries consumers
never use.

2Note that, in this analysis, the minimum size of price change is 2.5 percent since | take h =
0.025. Because of this, the size of price change may be overestimated somewhat. Although the
best way to improve the estimation is to take smaller value for h, it takes long time or may be
impossible because of the limitation of the memory capacity. Therefore, | settle for the second
best: Asthe model’s predictions on the average size of price changes, | use the values which are
the original predictions on the average size minus 1.25 percent.
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than that of “s sector.” %

The pricing strategies obtained as a result of calibration are summarized in
Figure 6 and Figure 7. In these figures, gray grids represent éj and the region be-
tween two black grids given the productivity level represents “region of inaction.”
Aslong asafirmisin “region of inaction,” then the firm keeps its nominal price
level. If afirm with its current productivity level v; movesin the black grid, then
this firm changes its nominal price and chooses é—‘j (V;) asits new nominal price.
There are two main features in these two figures: (A) The region of inaction for
the firms with low current productivity level is wider than that for the firms with
high current productivity level although there are some exceptions .?? (B) Roughly
speaking, theregion of inaction for “s sector” firmsiswider than that of “g sector”
firms.

(A) holds because the effective burden of the menu cost isrelatively heavy for
firms with low productivity.” (B) comes from the assumptions that kg < ks. It is
obvious that larger menu cost implies wider region of inaction.

The sample moments predicted by the calibrated generalized GL model are
summarized in Figure 8 and Figure 9. By and large, this calibrated model succeeds
in replicating these sample moments: (i) Predicted hazard rates are decreasing in
time. (ii) Predicted share of price increases in price changesis about 50 percent.
(iii) Both the average size of price increases and that of price decreases predicted
by this calibrated model are around 6 percent. (i)-(iii) are consistent with the
empirical facts from 1999-2003.%

4.3 Predictions of the M odel

To test this model in more strict way, | also check whether this model can predict
some facts on individual price data: (i) The shape of hazard function is robust in
the sense that decreasing hazard is observed in United states and Euro area where

21The labor required to adjust prices in this calibrated model is equal to 0.2 percent of overall
employment while that in the calibrated one sector GL model is equal to 0.5 percent. The menu
cost in this calibrated model is about 0.1-0.2 percent of revenues while that in the calibrated one
sector GL model is about 0.5 percent of revenues. Levy et al. (1997) estimate that the menu cost
in supermarkets is about 0.7 percent of revenues. Note that the frequency of price changes used
here, which is obtained from Saita et al (2006), is calculated based on the data which do not reflect
price changes due to the promotional sale. This thing may at least partly explain why the menu
cost obtained as aresult of caibration seemsto be small.

220ne may find the difference in the shape of “region of inaction” between these two figures. |
will explain this point in the next section.

23See the subsection 3.9 and Figure 3 for more details.

%The frequency of price changes predicted by the calibrated model is close to the observed
frequency (Data: 23.1 percent per month, Prediction (after excluding double-counting): 24.8 per-
cent). See Figure 11 and its note.
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the average inflation rate is higher than in Japan. (ii) The frequency of price
increases responds strongly to inflation while the frequency of price decreases
and the size of price increases and price decreases do not.

In this test, only the parameters of monetary shocks are changed to generate
different averageinflation rates. In concrete, | use the following values as (u, o,):
CY 1999-2003: (-0.0017, 0.0037), CY1986-1990: (0.0039, 0.0078), CY 1980-
1985: (0.0079, 0.0077), CY1971-1975: (0.0272, 0.0204).>° These numbers are
obtained from CPI data in the corresponding periods as | did in the calibration
part. Since | use data under zero or negative inflation to calibrate this model, this
Isastrict out-sample test of the model.

The model provides good predictions about (i) and (ii) as seen in Figure 10
and Figure 11. The predicted hazard function is decreasing as long as the average
inflation is moderate. Thisis consistent with the empirical facts that the observed
hazard function is decreasing in United States and Euro area. The predictions of
the model is aso consistent with (ii). The predicted frequency of price decreases
doesn’t respond strongly to inflation because al price decreases are caused by the
idiosyncratic productivity shocks when u is positive.?®

5 Monetary Policy Experiments

In this section, | use the calibrated generalized GL model to conduct numerical
experiments on the economy’s response to various shocks as Golosov and Lu-
cas (forthcoming) did. | focus on the model’s predictions about the relationship
between inflation and GDP.

5.1 Procedureof Experiments

Hereishow | obtain the relationship between inflation and the level of production
for different values of (u, o).

(1) Assumethat theinitia distributionistheinvariant one consistent with (u, o).

2The average annua inflation rates are asfollows: CY 1999-2003: -0.7 percent, CY 1986-1990:
1.6 percent, CY 1980-1985: 3.2 percent, CY 1971-1975: 11.3 percent.

2%Syppose 1 = 0. Then, al price increases and decreases are caused by the idiosyncratic
productivity shocks, which are horizontal movements in Figure 6 or Figure 7. Now, increase
the value of u. Note that positive p implies that (p/w) tends to decrease, which is downward
movement in Figure 6 or Figure 7. Because the downward movement and vertical movements are
assumed to be independent, this increase in the value of y raises strongly the probability of hitting
the lower black grids but not changes the probability of hitting the upper black grids in Figure 6
or 7 very much.
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(2) Generate the sequences of money with average growth rate u and the vari-
ance o, and the sequences of productivity shocks with 7 and o, Based
on the pricing strategy consistent with (u, o), calculate the firm’s pricing
behaviors.

(3) Aggregating the firm’s pricing behavior, calculate the inflation rates and
GDP defined asy; = [ Ci(p)¢i(dp, dv).

5.2 Results

The typical results of the above experiments can be seen in Figure 12. In this
figure, | choose the level of GDP consistent with a stable price environment, i.e.
(u,om) = (0,0), as a bench mark. The relationship between inflation and GDP
predicted by this calibrated model has some interesting features: (i) Roughly
speaking, the slope of Phillips curve isincreasing in inflation rates, which is con-
sistent with empirical facts established by Benati (forthcoming). (ii) High infla-
tion, near zero inflation and deflation imply volatile and low average GDP while
moderate inflation implies stable and high average GDP, which is consistent with
empirical facts about Japan and US data found by Sakura et a. (2005). | explain
the reasons of (i) and (ii) below.

The region of inaction for “s sector” firms with current productivity low is
relatively wide as seen in Figure 6 and Figure 7. Moreover, you can see that &
for firms with low productivity is “distorted” in the sense that this wide region of
inaction implies downward nominal price rigidity. Given this downward rigidity,
it iseasy to explain (i): When u is positive but very low or negative, then money
must decrease sometimes. Note that the decrease of money has some real effects
although the increase of money has aimost no real effects since there is a certain
downward rigidity while there is not significant upward rigidity. Therefore, re-
sulting relationship between inflation and GDP exhibits the feature summarized
as(i).

The remaining problem iswhy the region of inaction exhibits downward rigid-
ity and does not exhibit upward rigidity. Note that the region of inaction for “g
sector” firms is narrow mainly because of the relatively small menu cost. The
region of inaction for “s sector” firms with high productivity is also narrow be-
cause the effective burden of the menu cost is relatively light for firms with high
productivity.?’

The region of inaction for “s sector” firms with low productivity iswide since
the menu cost is relatively large and current productivity is low. Intuitive expla-
nation of the “distortion” for “s sector” firms with low productivity can be seen

27See the subsection 3.9 and Figure 3 for more details.
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in Figure 13. This “distortion” is a result of the assumption that the productiv-
ity is mean-reverting. If the current productivity is low, then the expected future
productivity is higher than the current one because of the mean-reversion. The
discounted value of the firm's profits reflects the profits consistent with higher
productivity. Note that the profit consistent with higher productivity is maximized
at lower relative price (p/w) since higher productivity implies|lower marginal cost.
Therefore, the typical relationship between discounted value of the firm'’s profits
and the relative price can be expressed asin the right-hand side of Figure 13.

To explain (ii), | need to show why high inflation implies volatile and low av-
erage GDP. Volatile GDP comes from large o, Because of large o\, the money
sometimes decreases. Low average GDP is aresult of firm’'s pricing strategy: As
seen in Figure 14, higher u generally implies higher éj. Each firm chooses high
éj since inflation lowers its real price during the period with its nominal price
unchanged. Therefore, higher u implies upward shift of the distribution of real
prices. This dampens the demand for goods and services.

Golosov and L ucas (forthcoming) show that the slope of Phillips curve of the
calibrated one-sector GL model is always steep. This is because the calibrated
one-sector GL model generates prices such that aimost all prices change in first
one year after a price change, implying that money is nearly neutral. Thus, these
predictions about the relationship between inflation and GDP shown in this sec-
tion are the new implications obtained as aresult of the generalization of the GL
model?®.

6 Concluding Remarks

I’ve presented atwo-sector menu cost model with idiosyncratic productivity shocks.
I split firms into two sectors since the hazard function for price changes implies
heterogeneity in frequency of price changes. | name high frequency sector “ g sec-
tor” and low frequency sector “s sector.” This model includes the GL model as a
special case since this model becomes the GL model if and only if each sector is
identical. | use the sample moments on individual prices in Japan calculated by
Saita et a. (2006) to calibrate the menu cost and the variance and autocorrelation
of the idiosyncratic shocks. Asaresult of calibration, “g sector” is characterized

BUsually, o, islarge when p islarge.

2Nakamura and Steinsson (2006b) analyze the menu cost model which allows for intermediate
goods. They show that the monetary non-neutrality in their multi-sector model is clearer than that
in their one sector model. Asfor the monetary non-neutrality, the analyses presented here suggest
that the difference between one sector model and multi-sector model is larger in deflationary or
very low inflationary environments. It is curiousif the model of Nakamura and Steinsson (2006b)
exhibits the same characteristic.

20



by relatively small menu cost, large productivity shocks, and low average produc-
tivity. The behavior of this economy is studied numerically.

Asfor price changes, the predictions of the generalized GL model are consis-
tent with almost all facts, including decreasing hazard, found by recent research
on microdata of individual prices: The only exception | know is the seasonality
of the frequency of price changes. Thus, the performance of the generalized GL
model to fit the facts on microdataof individual pricesisbest among the menu cost
models since all previous menu cost models couldn’'t explain decreasing hazard
and seasonality of the frequency of price changes.

Then, | use this calibrated model to conduct numerical experiments on the
economy’s response to various shocks as Golosov and Lucas (forthcoming) did.
The relationship between inflation and GDP predicted by this calibrated model
has some interesting features: (1) The slope of Phillips curve isincreasing in in-
flation rates, which is consistent with empirical facts established by Benati (forth-
coming). (2) High inflation, near zero inflation and deflation imply volatile and
low average GDP while moderate inflation implies high and stable GDP, which
Is consistent with empirical facts about Japan and US data found by Sakura et a.
(2005).

These implications may be important to understand why deflation is bad the-
oretically.® To explain Phillips curve relationship during the recent deflation in
Japan, there may be three ways. (A) GDP was lowered by some negative shocks,
and deflation was caused by low GDP, (B) deflation was caused by monetary
shock, and low GDP was caused by deflation, and (C) deflation and low GDP
are independent of each other, implying relationship is observed just by accident.
This paper may provide theoretical backbone for (B). Note that, however, this pa-
per doesn’'t prove that (A) is not true: The views such as (A) are just out of the
scope of this paper.

In addition, note that the quantified effects of monetary policy in this paper
may not be so precise since | use avery simplified model in this paper. To enhance
the precision, further research must be done. | end this paper providing thelistsfor
the future research: (i) Divide firms into more sectors. (ii) Generalize this model
so as to deal with the difference in the average productivity growth rate of each
sector. (iii) Change the specification of the production function into more realistic
form. Especialy, include capital into the model. (iv) Change the specification of
the utility function into more realistic form.

(i) and (ii) is connected since if you divide firms into multi-sector, then you
might need to deal with the difference in the average productivity growth rate of

30| n this model, the increase in GDP means a welfare improvement. Thisis because firms have
some monopolistic power, implying that the production under the price stability is too small in
terms of social welfare.
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each sector.3! There is a possibility that the results in this paper will be changed
somewhat if you deal with the difference in the average productivity growth rate
of each sector carefully. While this extension is desirable, it is difficult since the
problem after this extension is no longer recursive.

(iii) is interesting since investment may amplify the fluctuations caused by
monetary policy. It is, however, also difficult because of “curse of dimension”
that | include capital into the generalized GL model making state space huge. (iv)
Is necessary to implement reliable welfare analysis. It isknown, however, that any
change of the form of the utility function used in this paper makes the problem
much harder as suggested by Golosov and Lucas (forthcoming). Thus, | need to
leave (i)-(iv) as afuture research.

Appendix
A. Vaue Function Iteration

Here, | describe how to obtain the value of (X, V;) using (26).

(1) Guess the value of ¢.3? Guess the joint distribution of firmsin “g sector”
and that of firmsin “s sector” respectively.®® Guess the value of ;.3

(2) Solve (26) based on the guess | made and update the values of ;. If the
values of y; are close enough, in the sense of sup norm, to the previous
guess of them, go to the next step. Otherwise, go back to the step (1) and
use the values of y; asanew guess.

(3) Given the values of y; obtained in the previous step, obtain the pricing
strategy (policy function) of “g sector” firms and that of “s sector” firms.
Using these strategies and taking account of the effects of r;, change the
joint distribution of firmsin “g sector” and that of firmsin “s sector.” Based
on the obtained joint distributions, calculate the value of c. If these joint
distributions and the value of ¢ are close enough to the previous guess of
them, stop. Otherwise, go back to step (1) and use these joint distributions
and the value of ¢ as anew guess.

31|n the two-sector case in Japan, there is no difference in the average productivity growth rate
of each sector (Figure 5). This might be because of good luck.

32|f you have a good guess as a result of calculations for different but similar values of parame-
ters, useit as an initial guess. If you don’'t have a good guess, calculate the value of cin the case
of zero variance of all shocks and zero menu cost, and use this value as an initial guess.

33|f you don’t have a good guess, calculate the joint distribution of firmsin “g sector” and that
of firmsin “ssector” in the case of zero variance of all shocks and zero menu cost, and use these
joint distributions as an initial guess.

341f you don’'t have a good guess, use zeros as an initial guess.
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B. Method of Simulation to Obtain Hazard Functions

Here, | describe how to obtain the hazard rate implied by the generalized GL
model with given parameter values.

(1) Generatethe sequence of money with average growth rate  and the variance
crfm and the sequences of productivity with 7 and o starting with grids
(€;(V)), ¥;) using random numbers and (30) — (34).%

(2) Record the timing of price changes given the pricing strategy consistent
with the parameter values, the sequence of money and that of productivity.
Based on the invariant joint distribution consistent with the parameter val-
ues, obtain the weight of firms with each productivity level which change
their nominal prices. Using these weights and information of the timing of
changes of each price starting with grids (Sj (), V), calculate the hazard
rates.
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Table 1: Preference Parameters

(1) Subjective Discount Rate (Quarter) £ [Golosov and Lucas (2006): 0.01]

Research Paper Subjective Discount Rate
Kitamura and Fujiki (1997) 0.01
Hayashi and Prescott (2002) 0.006

(2) Relative Risk Aversion ¥ [Golosov and Lucas (2006): 2]

Research Paper Relative Risk Aversion
Kitamura and Fujiki (1997) 0.6-25
Yoshikawa (2001) 1.36
Moridaira and Kamiya (2001) 1

(3) Elasticity of Substitution £ [Golosov and Lucas (2006): 7]

Research Paper Elasticity of Substitution
Nishimura, Ohkusa, and Ariga (1999) 7
Inui and Kwon (2004) 6

Note: Nishimura, Ohkusa, and Ariga (1999) and Inui and Kwon (2004) estimate not the elasticity of substitution
but the mark-up. In this model, the mark-up is a function of the elasticity of substitution. Given the relationship,
I find the value of the elasticity of substitution which is consistent with the estimated value of the mark-up.
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Table 2: Parameters

Parameters Value of Parameter

& Average Growth Rate of Money (Quarter) -0.0017 ( 0.0064)
0, S.d.of monetary shocks 0.0037 ( 0.0062)
ﬂ’g menu cost ("g sector") 0.00055 ( 0.0025)
;{*5 menu cost ("'s sector") 0.008 ( - )
1] Rate of Mean Reversion 0.75 ( 0.55
CT%} Variance of productivity shocks ("g sector") 0.011 ( 0.011)
(T%} Variance of productivity shocks ("s sector") 0.0005 ( - )

€z  Average productivity of "g sector" firms -0.05 ( 0)
€;  Average productivity of "s sector" firms 0.05 ( - )

Fraction of "g sector" firms 0.5 ( 1)
Fraction of "s sector" firms 0.5 ( - )

Note: Each value in the parenthesis is the value used by Golosov and Lucas (forthcoming).
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Figure 1: Hazard Rates and Survival Rates of Calibrated GL Model

(1) Hazard Rates
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Notes: 1. I use the values of parameters Golosov and Lucas (forthcoming) obtain as a result of their calibration. (I use 0.0062 as 3, .)
2. As for the definition of hazard rates and survival rates, see subsection 4.1.

3. As for the method of simulation to obtain hazard rates, see Appendix B.



Figure 2: Decision Making on Price
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Figure3: The Region of Inaction and Productivity shocks
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Figure 4: Size of Price Change and Variance of Productivity Shocks
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Figure 5: Difference of Average Productivity between goods and services (services/goods)
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Figure 7: Pricing Strategy ("s sector")
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Figure 8: Hazard Rates and Survival Rates of Calibrated Generalized GL Model
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Figure 9: Share of Price Increases (Decreases) and Average Size of Price Changes
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Figure 10: Hazard Rates and Survival Rates under Different Monetary Shock Processes

(1) Hazard Rates

)
40A)

= Model: CY1999-2003 !
Model: CY1986-1990

35

30 Model: CY1980-1985
= = = Model: CY1971-1975

25

20

15

10

1 23 456 7 8 910111213 141516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36
months after a price change

(2) Survival Rates
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Figure 11: Frequency of Price Increases (Decreases) and Average Size of Price Changes
under Different Monetary Shock Processes
(1) Frequency of Price Increases (Decreases)
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(2) Average Size of Price Increases (Decreases)
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Note: The frequency of price changes is calculated based on the invariant distribution. For example, if the time interval
is 1/10 month and the frequency of price changes per 1/10 month implied by the invariant distribution is 0.01, then
my estimate for the frequency of price changes per month is 0.1. The frequency of price changes in (1) is too high.
since there can be sequence of prices which change twice or more within one month. To estimate the measure of
double (or more) counting, I perform some simulations. As a result, I found that about 2.5 percent is double
counting in the case of CY1999-2003: Before excluding double counting, the frequency of price changes is 27.2
as seen in (1). After excluding double counting, the frequency becomes 24.8.
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Figure 12: Phillips Curve
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Notes: 1. Each point represents the quarterly value. I obtain each quarterly value by taking the means of the relevant

variables over the quarter.

2. GDP Gap is defined as a percentage deviation of the real GDP from the benchmark GDP. Benchmark GDP is

defined as GDP consistent with a stable price environment, i.e. ( &4, p, ) = (0, 0)
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Figure 13: Nominal Price Rigidity and Mean Reversion of Productivity Shocks
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Figure 14: &; under Different Monetary Shock Processes
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