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Abstract

This paper quantitatively evaluates a steady-state inflation rate that is
considered desirable from the perspective of social welfare, using a model
describing the Japanese economy.

Specifically, it begins by setting out points concerning the costs and benefits
that accompany inflation. We build a model capable of evaluating the
effects, on social welfare, of several of these points: the opportunity cost of
holding money, the zero lower bound on nominal interest rates, price
stickiness and the downward wage rigidity. Building on this, we conduct a
stochastic simulation that quantitatively evaluates the social loss with
different steady-state inflation rates. We also analyze the range of changes
in the steady-state inflation rate that minimizes the social loss when we
change the model settings.
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1. Introduction

What are the costs and benefits of inflation to the Japanese economy?

If money is merely a veil and price changes have no impact on the real economy,
there should be no cost or benefit regardless of how high or low the inflation rate may
be. However, in the real world, there are many factors that prevent money from being a
veil. This in turn means that inflation will indeed produce both costs and benefits to
social welfare.

During the 1970s, for example, prices rose significantly and Japan experienced
significant damage as a result of the inflation, creating a majority opinion that
controlling inflation was desirable for social welfare. However, when prices began to
fall in the late 1990s, there was renewed interest in the potential benefits of inflation.
Interest in inflation thus tends to be biased towards the costs or benefits of the time, but
inflation does in fact simultaneously produce both. The optimal inflation rate should be
the rate at which the two balance each other.

This paper attempts to quantitatively evaluate the steady-state inflation rate that
minimizes the social loss in light of the nature of the Japanese economy, taking into
account the costs and benefits of inflation comprehensively. The “steady-state inflation
rate” focused on in this paper is the growth rate of general prices in a steady state,
sometimes referred to as the “long-run rate of inflation” or the “trend inflation rate.” It
can be interpreted as the inflation rate affected over the long-term by a framework of the
monetary policy conduct. Its optimal value can be understood as the inflation rate that
the central bank should target over the long term.

From a similar perspective as ours, Teranishi [2003] formerly analyzed the desired
long-run rate of inflation for the Japanese economy. The analysis in this paper covers
more points concerning the costs and benefits of inflation, uses a larger-scale model,
and identifies the optimal inflation rate based on the social loss function derived more
consistently with the model than Teranishi [2003].

There are many points of contention over the costs and benefits produced by different
steady-state inflation rates, which we will set out in Section 2. Four of them will be
given particular focus in our analysis. The first is the opportunity cost of holding money,
which generates a cost in conjunction with inflation. The second is the “safety margin”
against the zero lower bound on interest rates, which produces a benefit in conjunction
with inflation. The third is the distortion in relative prices caused by price stickiness,
which generates a cost in conjunction with both inflation and deflation. Finally, we will
consider the downward rigidity of wages, which produces a benefit in conjunction with

inflation up to a certain point. In this paper we combine all the four factors into a single



model, enabling us to make a general evaluation of the costs and benefits of different
steady-state inflation rates. We then use this model to quantitatively evaluate the
steady-state inflation rate that minimizes the social loss.

This paper is organized as follows. Section 2 surveys a number of points of
contention concerning the costs and benefits resulting from inflation. From there, we
narrow down the costs and benefits to be included in our quantitative evaluation. In
Section 3, we build an economic model, with which we can compare the costs and
benefits, and derive a social loss function that is theoretically consistent with the model.
Section 4 calculates the social loss under the steady-state economy as a starting point of
our analyses, and identifies a steady-state inflation rate that minimizes the social loss.
The analysis in Section 5 uses a stochastic simulation under the zero lower bound on
interest rates in order to expand our analysis to account for a social loss resulting from
deviations from the steady state. In Section 6, we analyze the extent to which the results
of the preceding section will change when the underlying assumptions are modified.

Section 7 contains our conclusions.

2. Points concerning Costs and Benefits of Inflation

This section sets out points on how a steady-state inflation rate generates costs and
benefits in light of social welfare. Subsection (1) contains a survey of prior research on
individual points of contention. Subsection (2) narrows down those points to be
included in our quantitative evaluation. Readers only interested in the analytical content

of the paper are encouraged to skip subsection (1) and move directly to (2).

(1) Survey of arguments regarding costs and benefits of inflation

Prior research on the social-welfare costs and benefits of inflation has looked at a
number of different points: (a) the opportunity cost of holding money, (b) the zero lower
bound on interest rates, (c) price stickiness, (d) the downward wage rigidity, (e)
identification of changes in relative prices, (f) non-inflation-neutral taxation, (g) the
permanent effects of unexpected price changes, and (h) endogenous technological

progress. We will review them in order.

(a) The opportunity cost of holding money
Nominal interest is equivalent to the opportunity cost of holding interest-free money.
This cost generates a social loss because, from the perspective of the consumer holding

money, it is dead weight in the consumer’s surplus. From this perspective only, social



welfare is maximized when nominal interest rates are zero. This is known as the
“Friedman Rule” after the research of Friedman [1969]. If nominal interest rates are
zero and real interest rates are, as is usual, positive, the inflation rate is negative. In
other words, under the Friedman Rule, deflation is desirable. Nonetheless, empirical
analysis reports that the social loss resulting from the opportunity cost of holding money
is small (Lucas [2000], Shiratsuka [2001]).

The Friedman Rule is concerned with maximizing the utility of holding money and
takes no account of the impact of the steady-state inflation rate on real consumption. In
fact, Friedman advocated the natural rate hypothesis in which, in a steady state, the
inflation rate has no impact on the real economy.

In contrast to the natural rate hypothesis there is the argument that the steady-state
inflation rate will impact real consumption through the opportunity cost of holding
money.

From a historical perspective, Tobin [1965] used a growth model that assumed a
constant savings rate to conclude that a high monetary growth rate and inflation rate
would have a positive effect on real consumption. According to Tobin, inflation would,
through the mechanism of the opportunity cost of holding money, exert pressure to
reduce money holdings and, on the assumption of a constant savings rate, encourage the
substitution of real investments for money holdings. An increase in real investments
results in a positive impact on real consumption because of the increase in output
capacity. This is known as the “Tobin Effect.”

Such a behavioral equation with an a priori assumption of a constant savings rate is
rarely used today. In its place, standard practice is to analyze economic behavior based
on intertemporal optimization. Sidrauski [1967], in his pioneering work in this area,
used an optimization model featuring a rigid labor supply and a utility function with
money to find that in a steady state, the monetary growth rate and inflation rate had no
impact on the real economy. This is known as the “long-run superneutrality of money.”

However, it was shown that a steady-state inflation rate could have an impact on real
variables depending on the assumptions underlying the model. One example is Brock’s
[1974] model that assumes a flexible labor supply; another is Stockman’s [1981], which
assumes that money holdings are required for investment expenditures. Wang and Yip
[1992] conclude that the impact of the monetary growth rate and inflation rate on the
real economy is positive if money holdings and real consumption are substitutable and

negative if they are complementary.' Most money demand models, including the

' This conclusion is derived based on the optimization behavior of households with no overlapping
generations. With this assumption the long-run Fisher effect, or the inflation neutrality of real
interest rate, holds even if the long-run neutrality of money does not hold. In contrast, it is known,



cash-in-advance model and shopping-time model, feature a complementary relationship
between money holdings and real consumption, and therefore generate effects that are
the exact opposite of the Tobin effect, which means that they are substitutable. In other
words, according to these models, inflation has a negative impact on real consumption.
This “reversed Tobin effect” is also known as the “direct effect of money.” When this
effect is present, a higher inflation rate in a steady state will result in higher nominal
interest rates through the Fisher relationship, which will restrain money holdings and
reduce consumption. Thus, the loss of social welfare is realized because consumption

declines.

(b) The zero lower bound on nominal interest rates

When nominal short-term interest rates approach the zero lower bound, economic
stability becomes more vulnerable because room for further monetary easing is lost. To
avoid the zero bound it is appropriate for the monetary policy to maintain a slightly high
expected inflation rate. This concept was advocated by Summers [1991].

There are many conceivable ways to increase the expected inflation rate. One would
be policies that increase the steady-state inflation rate. If there is a one-to-one
relationship between steady-state inflation rate and nominal interest rates, the higher the
steady-state inflation rate, the higher the nominal interest rate. In such circumstances, a
central bank would have room to lower the policy rate in the event of a negative shock
to the economy, reducing the potential of hitting the zero lower bound (Woodford
[2003], Nishiyama [2003]). From such a perspective, analyses on the desired
steady-state inflation rate were conducted for the US economy by Fuhrer and Madigan
[1997], Orphanides and Wieland [1998], and Reifschneider and Williams [2000] and for
the Japanese economy by Hunt and Laxton [2001].

(c) Price stickiness

When prices are sticky, changes in general price levels generate menu costs that cause
relative prices to change.

A Calvo-type price-setting model explains this in more concrete terms. Under this
model, the opportunity to set the optimal price is given for each firm as a probability.

Firms that can reset a price will set the optimal price so as to maximize the discounted

for a model with overlapping generations, that the long-run superneutrality of money does not hold
and even the long-run Fisher effect may not hold (Weiss [1980], Weil [1991]). In such a case, the
steady-state inflation rate can have an effect on the real interest rate, which leads to different
implications on monetary policy from those derived by an usual analysis assuming the long-run
Fisher effect.



present value of profits. Those unable to reset a price will maintain prices at the
previous-term levels. In this economy, these two types of firms in light of their price
setting exist in each time, and their relative prices differ from each other. This difference
in relative prices generates a difference in relative volumes of outputs, resulting in the
loss of social welfare because the optimal level of outputs, which reflects the
productivity of the economy and preferences of households, is not realized. This type of
social loss is minimized when inflation is zero (Rotemberg and Woodford [1998],
Woodford [2003]).2

(d) Downward wage rigidity

There is a point of contention which focuses on the downward rigidity of wages,
discussed by Tobin [1972], as a benefit factor of inflation. When the wage growth rate is
lowered within a moderate range, the supply and demand balance in the labor market
slackens and unemployment worsens. A further drop in wages, when the growth rate is
substantially negative, will worse the unemployment rate no further. Figure 1
conceptually illustrates this relationship. The tradeoff between wages and
unemployment is a long-term, nonlinear relationship, not being extinguished in a steady

state.

Figure 1: A Nonlinear Tradeoff between Wages and Unemployment

(Conceptual Diagram)
Wage Growth Rate

Unemployment Rate

2 Itis possible to assume an indexation in price setting, instead of the above-mentioned assumption
that firms not given the opportunity to reset a price will maintain prices at the previous-term levels.
With the indexation pricing, firms unable to set the optimal price will reset prices according to a
given rule. In such a case, the social loss is not necessarily minimized when inflation is zero. For
example, Erceg, Henderson, and Levin [2000] developed a model for an indexation of upward price
revisions in accordance with the steady-state inflation rate. In this model, the social loss is
minimized when inflation is at the steady-state inflation rate.



In a steady state, if there is a one-to-one relationship between the inflation rate and
the wage growth rate, a higher inflation rate means a higher wage growth rate. Thus, an
unemployment rate is lowered, with the wage growth rate in a moderate range. This is
referred to as the “grease effect” of inflation. The effect was studied in recent years by
Akerlof, Dickens and Perry [1996] and Groshen and Schweitzer [1999]. Studies on the
Japanese economy include Kimura and Ueda [2001] and Kuroda and Yamamoto [2003a,
2003b, 2005].

(e) Costs of identifying changes in relative prices

The basic function of pricing is to effectively communicate information on relative
prices, which is required by economic agents for their decision-making (Friedman
[1977]).

In an economy where the cost of collecting and processing information is not
negligible, inflation makes it difficult to identify changes in relative prices. Inflation
will therefore over the long term reduce real output by distorting the decision-making of
economic agents (Issing [2004]). The same is true of deflation. In this sense, whether
inflation or deflation, the larger the absolute value of the steady-state rate of price
changes, the greater the social welfare costs it generates. To avoid these costs, it is
desirable to achieve a steady-state inflation rate that creates a state in which “economic
agents no longer take account of the prospective change in the general price level in

their economic decision making” (Greenspan [1996]).

(f) Effect of non-inflation-neutral taxation

If taxes are not lump-sum but have an influence on resource allocation, the long-run
inflation rate may also have an effect on resource allocation if taxes are not neutral with
respect to the inflation rate. Such an effect was empirically studied by Feldstein [1999]
based on national tax systems in each country. Similar techniques were applied to Japan
by Ueda [2001].

(g) Permanent effects of unexpected price changes

A stochastic change in the steady-state inflation rate can be interpreted as generating
unexpected price changes. Unexpected price changes are widely recognized to have a
temporary impact on the real economy. There are also theories indicating that
unexpected price changes can have a permanent impact; examples include theories on
the hysteresis effect of employment, the new open-economy macroeconomics, and debt
deflation.

Blanchard and Summers [1986, 1987] is the seminal work on the hysteresis effect of



employment. In terms of the ability of workers to negotiate with employers, existing
workers, who are insiders, are thought to have greater negotiating power than the
unemployed, who are outsiders. Employment levels in the previous period will have a
substantial impact on decisions of current employment, and therefore, a shock which
hits the employment levels once can influence the levels permanently. In such cases,
unexpected price changes can have a permanent impact on employment levels.

Obstfeld and Rogoff [1995, 1996] mark the beginning of research into the new
open-economy macroeconomics. Unexpected price changes can have a permanent
impact on the real economy through changes in the trade balance and foreign
credit/debt.

One of the earliest studies into debt deflation was Fisher [1933]. If a debt contract is
signed on a nominal basis, falling prices will increase the real amount outstanding on
the debt and decrease net assets. When financial intermediation functions are imperfect
and there are restrictions on fund raising, declines in net assets hurt the real economy. A
number of theoretical models have been developed to study credit channels and
financial accelerators based on the imperfection of financial markets. However, few of
these theories delve into the relationship with general price deflation. One can
intuitively grasp that an unexpected decline in prices will result in a transfer of income
from the debtor to the creditor. This will give the debtor a higher debt burden and
worsen the financial position. The debtor’s probability of default will consequently
increase, which will increase the expected value of default costs.’ Thus, unexpected

price declines will carry additional real costs not seen with price gains.

(h) Effects of endogenous technological progress

In general, the long-term real economic growth rate is determined by the rate of
technological progress and the rate of population growth. Standard theory on monetary
policy assumes that the rates of both technological progress and population growth are
exogenous, so the inflation rate has no impact on the long-term real economic growth
rate. On the other hand, endogenous growth theory, which attempts to incorporate the
mechanism of technological progress, leaves open the potential for the long-term real
economic growth rate to be influenced by the inflation rate.

Theoretical analyses have been reported on the effect of inflation on the long-term
real economic growth rate by incorporating endogenous growth theory into existing

arguments on the real effects of nominal variables. Examples include De Gregrio [1993],

* The income of the creditor will increase. However, the increase in the debtor’s probability of
default is an asymmetrical cost, and thus the debtor’s costs will be higher in comparison to those of
the creditor.



which incorporates endogenous growth theory into the reversed Tobin effect of money,
and van der Pleog and Alogoskoufis [1994], which incorporates monetary policy and
endogenous growth theory into a Blanchard [1985]-type overlapping generations model.
In these theoretical models, there is almost never a one-to-one relationship between the
inflation rate, interest rates and the money growth rate, and they therefore provide
different insights than can be achieved with standard theory, which is based on
one-to-one relationships. However, the role of monetary policy within the context of
endogenous growth theory remains virtually unexamined (Chang and Lai [2000]).
Turning to empirical research, studies have been done since the 1990s on the impact
of the inflation rate on long-term real economic growth. De Gregrio [1992] and Fischer
[1993] identify negative correlations between the inflation rate and the real economic
growth rate. Bruno and Easterly [1995], Barro [1997], and Judson and Orphanides
[1999] later report observing a negative correlation between the inflation rate and the
real economic growth rate only in case inflation rates are higher than a certain level.
Meanwhile, Bullard and Keating [1995] find that the long-run inflation rate will

influence real economic levels, but not the long-term real economic growth rate.

(2) Selection of points included in quantitative evaluation

In this subsection, we narrow down points from among those discussed in the
previous subsection to be included in our quantitative evaluation. In the end, this paper
selects the above-mentioned points (a)-(d) for the evaluation while it passes over the
points (e)-(h). Our reasons are as follows.

First, behind the problem with identification of changes in relative prices laid out in
(e), is the existence of information costs, but it is not an easy task to model costs of
information collection and processing for quantitative evaluation. Therefore, this paper
assumes perfect information.

Regarding (f), taxation can change according to the nation’s choices at the time. We
therefore elect not to discuss the costs and benefits of inflation based on any particular
tax system even if the current taxation is non-inflation-neutral.

With respect to (g), it is in fact difficult to systematically control unexpected price
changes by monetary policy, and indeed it becomes almost impossible the more rational
the formation of expectations by economic agents.

Finally, regarding (h), when technological progress is endogenous and the
steady-state inflation rate has an effect on real economic growth, the steady-state
inflation rate would potentially have a relatively large impact on social welfare.
However, the theory that the long-run inflation rate influences the real economic growth

rate is a wide departure from standard economic theory, which is based on the natural



rate hypothesis. In addition, as noted above, recent empirical researches find no
significant relationship between the inflation rate and economic growth as long as the
inflation rate is not substantially high. It is therefore difficult to conceive of serious
welfare costs being generated as long as inflation or deflation is not extreme.

That leaves the points (a) through (d) for our quantitative evaluation in the following

sections. Our basic strategies for evaluation are summarized below.

(a) The opportunity cost of holding money

This point is included in our quantitative evaluation because the Friedman Rule holds
true from the perspective of consumer surpluses in conjunction with holding money.

On the other hand, with regard to the Tobin effect (or the reversed Tobin effect) of the
opportunity cost on the real economy, the direction of the effect is uncertain since its
theoretical basis depends on the way in which money-holding behavior is formulated.

We have therefore excluded it from our quantitative evaluation.*

(b) The zero lower bound on nominal interest rates

This point is included in our quantitative evaluation because the problem can actually
occur, as experienced by the Japanese economy between the end of the 1990s and
mid-2006.

The handling of the zero lower bound will depend on the specifications of a monetary
policy rule. Within the context of optimal monetary policy, Jung, Teranishi and
Watanabe [2005] and Adam and Billi [2006, 2007] add the zero-lower-bound constraint
on the central bank when it minimizes the loss function. On the other hand, it is also
common for monetary policy to be expressed as a simple policy reaction function.
Indeed, monetary policy has traditionally been expressed as an exogenous supply of
money. For example, Krugman [1998], which is the simplest observation of the zero
lower bound, assumes that the central bank supplies money exogenously. When
expressing monetary policy in terms of a simple interest-rate rule, as is consistent with
the actual policy conduct, it is standard to add a non-negativity constraint for the policy
rate. This paper elects to express the zero lower bound in the form of a non-negativity
constraint on the policy reaction function. We also account for the effect of “obtaining
an advance on future monetary easing” by affecting people’s expectations, in the same
way as Reifschneider and Williams [2000], when a zero lower bound is hit (for details
see Section 5 (2)).

* For example, it is known that the reversed Tobin effect is extinguished over both the short and
long terms if one assumes the additive separability of consumption and money in the
money-in-the-utility function.



(c) Price stickiness

There are many different models of price stickiness, but ease of handling has made
Calvo-type price-setting models the most common choice in recent years. This paper
also assumes Calvo-type price-setting to derive a New Keynesian-type Phillips curve.
We quantitatively evaluate the effect of price stickiness, using this Phillips curve and the

loss function which is consistent with our model.

(d) Downward wage rigidity

According to Tobin [1972], the downward wage rigidity means that the Phillips curve
is not vertical even over the long term. This nature goes against the traditional natural
rate hypothesis. We will comment on this point briefly.

According to empirical analysis based on cross-sectional data from Japan, full
downward wage rigidity can be confirmed from the 1992-1997 data, but is not observed
after 1998 (Kuroda and Yamamoto [2005]). Examining macro data chronologically, the
Japanese economy experienced a gradual decline in the wage growth rate during the
1990s, coupled with worsening unemployment. Even in 1998, when full downward
rigidity could no longer be observed, there was no improvement in the employment rate.
Both the wage growth rate and the unemployment rate bottomed out in 2002 and have
since seen modest improvements. Data from 1970 to 2004 can be plotted simply, as
shown in Figure 2, to create a nonlinear curve that illustrates the tradeoff relationship

between the wage growth rate and the unemployment rate.

Figure 2: The Wage Growth Rate and Unemployment in Japan
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(Note) The wage growth rate is defined as the annual change in compensation of
employees per person. The unemployment rate is defined as the ratio of the
unemployed in labor force.
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The tradeoff observed in Figure 2 may not necessarily be a structural tradeoff, but the
observed facts illustrated above are to a considerable degree consistent with the scenario
described by Tobin [1972].

We therefore believe it appropriate to accept the fact of downward wage rigidity and
the consequent long-term tradeoff in Japan. Nonetheless, we also acknowledge, under
the assumption of the natural rate hypothesis, the wage Phillips curve is often
considered to be vertical over the long term. Therefore, in Section 6 (2) we include
analysis based on the long-term vertical Phillips curve even though it is not supported

empirically.

3. Setup of Model

This section builds a structural model to express the costs and benefits of inflation
subject to quantitative evaluation and derives a social loss function that is consistent
with the model.

We posit a small-scale, closed-economy model. The private sector consists of
households, retailers, and producers. Households of indefinite continuity consume
goods and hold money. Consumption goods are individually differentiated. Retailers
purchase intermediate goods from producers, convert them to individual consumption
goods and sell them to households with a sticky price. Producers invest labor to produce
intermediate goods. For simplicity, the production function does not include capital
stock and there is no investment. Producers control wages and employment based on the
labor efficiency of workers. We derive the downward rigidity of wages based on the
assumption that workers are more reluctant to work, and lower their labor efficiency,

when their wages are declining.

(1) Households
A household is expressed by the index % < [0,1]. Its initial utility function, U, (k), is

expressed as follows:’

> Unlike the real-business-cycle models or New Keynesian models, both of which usually observe
flexible labor supplies, our model does not take account of the disutility of labor. This is due to the
difference in the interpretation of unemployment. Models that account for the disutility of labor
deem unemployment to be “leisure,” which creates utility for workers in a sense. In other words,
unemployment is voluntary. In such a model, the divergence between the marginal rate of
substitution for consumption and leisure and the marginal productivity of labor is considered to be a
social loss. On the other hand, our model does not account for the disutility of labor because it does

11



Uy(h)=E, 3 B'lule, ()& )+v(m, (h))}. (1)

where, u and v are the utility functions of consumption and money holdings,
respectively, for each term. g is the subjective discount factor. c,(h) is the
consumption index of household /4 at time ¢. ¢, (k) is defined as shown below as the
Dixit-Stiglitz index of individual goods consumption, c,(%,z) , expressed with

individual-goods index z €[0,1]:

o,

0,1 6,-1

¢, (h) = jol ¢, (h,z) " d

In this equation, €, is a variable expressing the price elasticity of individual-goods
demand, as will be shown in Equation (5) below. m, (h) represents the real money
balance held by household 4.° & is a preference shock. The lowercase variables here are
all figures divided by a trend (see details below).’

not interpret unemployment as being “leisure” for the worker or as creating utility. Under this
interpretation, all reduction in consumption as a result of unemployment is deemed to be a social
loss.

% We assume a utility function where consumption and money are additively separable. This means
that there will be no Tobin effect or reversed Tobin effect.

7 A consumption variable in the utility function in Equation (1) is written with a lowercase letter. It
means that, in our assumption, consumption divided by a trend gives households utility. This
assumption differs from that of the standard growth model, which assumes that consumption prior to
the division by a trend gives households utility.

This paper adopts such an assumption in order to make the model consistent with the actual
macroeconomic data in Japan. To be specific, empirical evidence indicates that in Japan’s economy
the intertemporal elasticity of substitution of consumption is much smaller than one, i.e., the
coefficient of relative risk aversion is substantial. In addition, when a model in which consumption
in the utility function incorporates a trend is assumed, it is generally the case that the theoretical real
interest rate includes not only the rate of time preference but also the product of the consumption
growth rate and the coefficient of relative risk aversion. Therefore, as in the case of Japan’s economy
where the coefficient of relative risk aversion is substantial, the theoretical real interest rate is likely
to become far higher than the actual rate.

It is to avoid this problem that we assume the households who attain the utility from the
consumption and the money holdings that are divided by a trend. It can be seen, in the development
of the model, that with our assumption the real interest rate is independent of the coefficient of
relative risk aversion. Thus, the above-explained problem will not occur. Therefore, the assumption
is deemed appropriate for describing actual Japan’s economy.

12



The budget constraint equation of household z is expressed as:

[ P)C, (h2)dz + M, (1)~ M, (k) + B,(h)- R, B, , ()=,

B, (), )+ T, () + 1, (2)
where C; (h, z), M, (h) and B, (h) represent individual goods consumption, nominal
balance of money holdings, and nominal balance of outstanding bonds. These variables
are controlled by households in utility maximization behavior. Uppercase variables such
as these are variables prior to division by a trend. In relation to the lowercase variables
already seen, with a deterministic trend D,, consumption would, for example, be C; (4, z)
= ¢;(h, z) D,. In the pages that follow, unless otherwise specified, uppercase variables
represent values prior to division by trend; lowercase, after division.

In Equation (2), P, (z) is the individual-goods price, R, the gross rate of nominal
interest, and W, (h) nominal wages, all of which are givens from the perspective of
households. In this context, /; (%) is the number of employed persons in household /. As
will be discussed later, producers allocate employment to households, so from the
perspective of households, /; (%) is a given. Additionally, 7; (k) is transfer income from a
consolidated government funded by seigniorage, and 7; is dividends paid from the
profits of producers and retailers.

To facilitate the maintenance of a notional “representative agent,” it is assumed that
T; (h) is transferred so as to eliminate differences in wage income W, (h) L,(h) among

households:

(hl )Lt (hl)"'Tz(hl): Wt(hz )Lt(h2)+1;(h2)f0” Vhy,h, € [051]-

T; (h) is transferred as a lump sum, and thus has no impact on household utility
maximization behavior. On the assumption that the initial money balance and bond
balance are the same for all households, each household has the same income. The
consumption, money holding and bond holding chosen by individual households are all
homogeneous each term. Below we will omit the household index 4.

Assuming that, under the budget constraint Equation (2), households control goods
consumption, money holdings and bond holdings so as to maximize the utility of

Equation (1), the first-order conditions can be derived as:

uc (CHI §t+1 ) PD
E : =t R =1,
[ﬂ uc (ct,é:t ) Pt+lDt+l l (3)

13



V
T “

)

where, price index P is defined as the Dixit-Stiglitz index of individual goods prices
P(z) as:

1

[ jol P (2)"™ dz} o (6)

P,

Equation (3) and (4) can be interpreted as the Euler equation and the money demand
function, respectively. Equation (5) is a demand function of individual goods. The 6, on
its right side can be interpreted as the price elasticity of individual-goods demand.

“Zero-inflation steady state” is defined, in the same way as Woodford [2003], as the
state in which the prices of all individual goods P;(z) are the same within a term and do
not change over the periods. Below we derive linear equations for the model, using a
log-linear approximation around the zero-inflation steady state.

First, Equation (3) leads to the following equation under the zero-inflation steady

state:
Br'R=1,

where, value R, which is R, with the subscript # removed, expresses the value of R; in the
zero-inflation steady state. This practice holds true below for other variables as well. %
is the trend gross growth rate, D, /D, |, and yis its value in the steady state.

Defining the discount factor as & = By, it can be seen that R = ~'. The log-based
net real interest rate is defined as » = —logo, leadingto R =expr.

The log-linear approximation to the Euler equation around the zero-inflation steady
state is expressed as:

A

ét :EtétJrl _G({z _Ezﬁzﬂ _7;1+1)_gt' (7)

The circumflex accents (") above the variables indicate deviation from the zero-inflation
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steady state on a logarithmic basis. For example, ¢, =logc, —logc. The same applies
to all other variables below unless otherwise specified. However, interest and inflation

rates are defined as:
i, =logR, —logR,and

7, =logF, —logF,_,.

The parameter o is the intertemporal elasticity of substitution of consumption defined
as o=u,/u,c, where u, =u,(c,£) and u, =u,(c,&) are the value of the partial
derivative at the zero-inflation steady state. Similarly, where parentheses for a function
are omitted below, the function expresses the values at the zero-inflation steady state.
The final term on the right side of Equation (7), g,, is demand shock, which is defined

as:

éz = UC§§ (é:,z _Ezéng)'

u.c

cc

Next, the money demand function, Equation (4), leads to the following equation at

the zero-inflation steady state:

<

n=1-5. (8)

<

Taking its log-linear approximation, we obtain:

A 5 -1 1A “cgé: 2 2
m=——ysl0" —-1] o - -1 ¢,
t 1_51{( { Y, u, §t t

where y =v, /v, m. Note also that 5 — 1 is equivalent to net interest rate and is a

very small value. Therefore, the first term in the middle brackets is smaller than the
second term, — i . By abstracting the first term, we obtain the following approximation

to the money demand function:

i, = ———xi,. 9)
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Note that consumption and money have additive separability in the utility function and
money has no direct effect. Because of this, the money demand function is not
expressed in the model, but will be used to derive the social loss function, as described
later.

(2) Retailers

Retailers purchase intermediate goods from producers, who will be described later on,
in competitive markets, convert them to differentiated individual goods z, and sell them
to households on monopolistic competitive markets.® It is assumed that retailers
encounter Calvo-type price rigidity in selling the individual goods.

Retailer z maximizes the following profit function:

2 A
Zfaj(Pt _Pt+j)ct+j(z)’
=0

t

where A, =f'u,(c,,&)P'D;", which is the nominal discount factor, & is the
probability of being unable to revise prices, P is the price set if prices can be revised,
and P”

t+j

is the price of the intermediate goods. By substituting the individual-goods

demand function, Equation (5), into the above equation, we obtain:

-0,
SETprs A
jZO /1 a (Pt PHj{P ] Ct+j'

t t+j

The first-order condition for profit maximization can be derived as:

-0,
E*
] C.j =0. (10)

t+j

> A . P
E 1+ J 9 1+ _ 0 _1
S0 00

t

In addition, the price index defined by Equation (6) is subject to the following transition

equation, depending on the percentage of producers able and unable to revise prices:

1
P = [a PL(2) " +(1-a)p” r a1

¥ Retailers are separated from producers to avoid complexity arising from problems such as strategic
complementarities.
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The above equations on retailers’ behavior can be expressed as deviation from the

zero-inflation steady state as follows. We define the relative prices as:

* m
* t t

Ptf? andpfmfp,

t t

and then their values in the zero-inflation steady state are:
p =1 and p"=—r, (12)

both of which are constant over time. Equation (10) can be expressed as a log-linear

approximation around the zero-inflation steady state as:
EtZ(Otﬂ)j(ﬁﬁj— t+j +z7[t+k pt]
j=0

The same equation also holds true for term ¢ + 1. Combining the term ¢ and the term t +

1 equations, we arrive at:

l—aﬂé

ﬁt* :(l_aﬂ)ﬁz’n +a:BEt(7[t+1 +ﬁt*+l)+ﬂ ‘e (13)

Furthermore, Equation (11) can be expressed as a log-linear approximation to produce:

By substituting this into Equation (13), we obtain:
7w, = PET AP + 1, (14)

which is a so-called New Keynesian-type Phillips curve. In Equation (14), A is the
slope of the Phillips curve and 4, is a price shock, defined respectively as:

plizalizap) o, _(=ai-ap),
a 0-1
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(3) Producers

We provide a summary of our model on producers in this subsection. Details of
derivation of the model are relatively complex, and thus have been consigned to
Appendix A.

We build a model of the downward rigidity of wages, relying upon the efficiency
wage model, which is considered the standard theory of unemployment, and by positing
workers whose labor efficiency declines due to a decline in nominal wages. The
efficiency wage model assumes that labor efficiency changes according to the level of
wages and other factors, and that producers adjust wage levels to maximize their profits.
When demand in the labor market is short, producers adjust both employment levels
and wages. Workers are allocated jobs at this time. We consider labor to be the only
factor of production and do not deal with capital stock or any other factor. It is also
assumed that the production function is a linear function of labor.

We will begin by examining a case without any downward rigidity of wages, where
the unemployment rate is maintained at a constant level regardless of the wage growth
rate. In other words, there is no tradeoff between wages and unemployment. This is
because at this point in time we have introduced no nominal friction, and thus there is
no relationship between wages, which are a nominal variable, and unemployment,
which is a real variable.

Next, we consider a contrastive case in which there is full downward rigidity of
wages. Figure 3 illustrates the tradeoff relationship between wages and unemployment
of the case. It shows an “L”-shaped curve, where the curve is vertical when the wage

growth rate is positive and is flat when the rate is zero.

Figure 3: A Tradeoff between Wages and Unemployment
under Full Downward Rigidity of Wages

Wage Growth Rate

Unemployment Rate
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It seems, however, that a model like this, with full downward wage rigidity, is not suited
to the Japanese economy, which experienced wage declines in the 1990s. Therefore,
rather than assume full downward rigidity, we assume the discontinuous labor efficiency
function’ in which the labor efficiency is lower when wages are in decline than it is

when wages are in growth. It partly takes into account the downward rigidity, as shown

in Figure 4.
Figure 4: A Tradeoff between Wages and Unemployment
When Labor Efficiency is Lower with Wages Declining
Wage Growth Rate

0 g o

Unemployment Rate

On the other hand, the actual data from Japan in Figure 2 indicates that the tradeoff
relationship between wages and unemployment slopes downwards to the right when the
wage growth rate is around zero. One hypothesis to explain this relationship is that there
may be unevenness in the wage growth rate because of individual shocks to individual
producers. Under this assumption, the higher the average wage growth rate, the higher
the share of producers with growing wages, and therefore the lower the unemployment
rate. For this case, it is easy to empirically estimate the relationship if we assume that
the wage growth rate at individual producers follows a normal distribution. By adjusting
the labor efficiency function from these perspectives so that there is a distribution of the

wage growth rate at individual producers, we obtain the final model, presented in

’ Elsby [2006], working from the perspective of behavioral economics, incorporates the
risk-avoidance behavior of workers into a model and argues that workers will reduce labor efficiency
if wages decline.
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Appendix A, which leads to a tradeoff relationship between wages and unemployment
such as that illustrated in Figure 5.

Figure 5: A Tradeoff between Wages and Unemployment
When There Are Idiosyncratic Shocks

Wage Growth Rate

Unemployment Rate

The curve indicating the tradeoff relationship above is subject to the cumulative
normal distribution function. When the average wage growth rate is well into positive
territory, wages are rising at the majority of producers, so the unemployment rate
remains virtually unchanged near its floor value and the curve is close to vertical. As the
average wage growth rate declines, the percentage of producers with declining wages
increases. The unemployment rate for the labor market including producers with
declining wages is relatively high, which results in higher overall unemployment rates.
When the average wage growth rate is well into negative territory, wages are declining
at the majority of producers, so the unemployment rate remains virtually unchanged
near its upper-bound value and the curve is again close to vertical.

The equation below expresses this mathematically:
@
v =— Uupper _ Ulower N Tt + Uupper ,
= kc (% (15)

where v, represents the unemployment rate, which is defined using the logarithmic
value of the employment rate /, as v, =-logl/,, CN is the cumulative normal

distribution function, and @, is the average wage growth rate defined in terms of

20



logarithmic changes. The parameter "7 is the upper bound for the unemployment

lower

rate; 0", the lower bound; and o, 1is the standard deviation of the distribution of
individual wages.

The zero-inflation steady state in Equation (15) is:
. @
L= _(Uupper _ Ulowei )CN(_j + Uupper )
O-W

Furthermore, Equation (15) can be given a linear approximation to produce:
Ot =-no,, (1 6)

where 0, =v, —v and 7= (U””pe’ — 0" )CN’(ZU/O'W).

The equations above do not distinguish between long and short terms; they indicate
the existence of a tradeoff between wages and unemployment even over the long term.
The natural rate hypothesis does not, therefore, hold true in this case.

On the other hand, under the natural rate hypothesis, the impact on economic agents
of nominal variables is the money illusion, which is extinguished over the long term.
This feature does not match the above-mentioned characteristics of long-term
differences in labor efficiency in terms of whether wages fall or not. Therefore, as an
alternative specification of our basic model with the long-term tradeoff, we will also
derive a specification with a short-term tradeoff based on the natural rate hypothesis.
That is, we adjust the labor efficiency function so that it is influenced by short-term
changes and assume that workers form their expectations in a backward-looking way.

This setup produces the following tradeoff between wages and unemployment:

where the steady-state unemployment rate, v, is constant regardless of the inflation
rate—in other words, it is the non-accelerating inflation rate of unemployment
(NAIRU). This equation can also be expressed in terms of deviation from the

zero-inflation steady state as:

A

Zﬁt :é-z—l —U;. (17)

In addition, we can derive the following relationships from producer behavior. The

real unit labor costs s,, defined as s, =W,[,/ PY,, matches the relative price of the
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intermediate goods p;". With the trend-divided value of labor productivity 4, ,
denoted as a, = 4, / D,, the relationship between output and the unemployment rate is
v, =a,l,. The steady-state wage growth rate @ is equivalent to the trend growth rate of
output, logy . In this paper we define the output gap, X,, as the logarithmic deviation
between actual output and production capacity'’: % =3, —a,. The relationship

between the output gap, the employment rate and the unemployment rate is:

~
A

X, =1l =-0,.

(4) Market clearing conditions
The goods market clearing requires that:

(7, )ar =] [, (=, n)azan

Because we consider a model assuming a closed economy and no investment, output
and consumption match in the equilibrium.

The money and bond markets clearing requires that:
[0, (h)dh =M ; and [ B,(h)dh=0.

where M, denotes the money supply. Bonds issued by the consolidated government

are zero in the equilibrium.

(5) Overall model
Let us summarize the equations derived in subsections (1) through (4). We will
express the macroeconomic variables here in terms of logarithmic deviation from the

zero-inflation steady state.

® IS curve

t

S =B, —oll ~Ef., -7, )+& +E,.,. (18)

® Dynamics of the unit labor cost

S, :§z—l+ét_7%z_dét' (19)

' The output gap in this paper is defined based on the utilization rate of production factors, which
has long been used in economic analysis in practice. It is different from the output gap, defined as a
logarithmic deviation between actual output and the natural rate of output, which is typically used in
an analysis with a New Keynesian-type model.
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® New Keynesian-type Phillips curve
T, =PET+AS, + 1, (20)

® The tradeoff between the wage growth rate and the output gap
X, =na,. 21)

® The alternative relationship between the wage growth rate and the output gap:
NAIRU version

A

T, =@, + X, (22)

Equation (18) is derived from Equation (7) by using the relationships: y, =¢, and
X, =y, —a, . Equation (19), which indicates the relationship between the unit labor cost,
the inflation rate and the wage growth rate, is obtained by transforming the equation
defining the unit labor cost into its logarithmic deviation expression in combination
with the relationship: y, = a,/,. Equation (20) is derived from Equation (14) by using
the relationship: p" =S§,. Equation (21) and (22) are obtained, respectively, from
Equation (16) and (17) by using the relationship: x, = -0, .

The steady state with a positive inflation rate is expressed as a deviation from the
zero-inflation steady state. This deviation is expressed using an overbar on the variables.
For example, 7 is the deviation of the steady-state inflation rate from zero inflation.
Equations (18) and (19) imply one-on-one relationships, at the steady state, between the

inflation rate and both nominal interest rates and nominal wage growth rates:
i=7 and @ =7 .
Similarly, Equation (21) implies for the steady state:
X=now. (23)
However, the tradeoff relationship between wages and unemployment is essentially
nonlinear. Therefore, instead of Equation (23), we will use the following equation,

which is derived from Equation (15) without the log-linear approximation, for the

purpose of quantitative evaluation.

- upper ower ZD- + 5 w
e A o 2
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This means that the level of the output gap will vary according to the steady-state
inflation rate. On this point, the natural rate hypothesis found in Friedman [1969] does
not hold true. By nature it derives exclusively from the downward rigidity of wages and
does not depend on other factors that would disprove the natural rate hypothesis, for
example, the direct effects of money or effects felt through markup rates.!' From the
perspective of the natural rate hypothesis, Equation (21) can be replaced with a
NAIRU-type Equation (22), which results in a steady state of:

x=0.

The natural rate hypothesis holds true here because the output gap in the steady state is

constant and not dependent on the inflation rate.

(6) Social loss function

We derive the social loss function by calculating a second-order approximation to the
utility function of households in the same way as Woodford [2003]. Details of the
derivation process are given in Appendix B. The function of the total social loss, 7SL,,

is ultimately expressed with the following formula:

TSL, = E,», B'SL, (25)

t=0

10, o
SL, :EZ” -X, += ( —l)x - {—gllt —1{—;@) } (26)

The social loss for each term, SL, is expressed as a second-order Taylor series

approximation around the zero-inflation steady state.'* On the right side of Equation

' The steady-state markup rate § - depends on 7 . The explanation of this has been omitted
because it is not important to our model. For more details see King and Wolman [1996].

2 Note that this social loss function, expressed as a second-order approximation, includes linear
terms of the output gap and the nominal interest rate.

Generally, when a structural model is expressed as a first-order approximation as in this paper, the
precision of macro variables is also the first order. In such a case, if the formula of the second-order
approximation for the social loss function is purely quadratic, including no linear term of a macro
variable, the precision of the social loss will be in fact the second order. On the other hand, when the
formula for the social loss includes linear terms of macro variables, as in this paper, the precision of
the valuation will fall to the first-order level. This problem is pointed out in Dr. Kosuke Aoki’s
comments to the paper.
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(26), we have adjusted the constant so that the social loss is zero in the zero-inflation
steady state. Moreover, the coefficients for macroeconomic variables are normalized so
that the one for the first-order term of the output gap is set at -1. This means that a 0.01
increase in SL, will result in a social loss equivalent to 1% of the real GDP. Note that k&
is the value of the ratio of outstanding money to GDP in the zero-inflation steady state.

Below is an explanation of the individual terms on the right side of Equation (26).
The first term is an inflation-rate term that expresses the “loss from price changes.” The
derivation process shows that it is the loss generated by distortions in relative prices
among individual goods as a result of price changes. The fact that the inflation-rate term
has only a quadratic term and no linear term is to indicate that the loss is minimized at
zero inflation.

The second and third terms represent output-gap terms that express the “loss from the
output level.” The coefficient for the linear term is negative, indicating that the loss is
lower at a higher output level. The coefficient for the quadratic term is positive,
indicating that changes in output levels will generate losses.

Finally, the fourth term is an interest-rate term that expresses the “loss from money
holding.” The coefficient for the linear term is positive, indicating that the higher the
interest rate the greater the opportunity cost of holding money and the greater the loss of

consumer surplus. This term can be interpreted as an expression of the Friedman Rule.

To resolve the problem thoroughly, it is worth considering the methodology of Benigno and
Woodford [2005], with which the structural model can be expressed as a second-order
approximation. In this paper, however, because the calculation burden of stochastic simulations is
quite heavy, the priority should be given to reducing the complexity of the model, thereby employing
a first-order approximation for the structural model. Issues arising from the above-mentioned
problem are addressed as follows.

First, concerning the terms of the nominal interest rate, which are related with the loss from
money holding, the coefficient of the linear term is relatively small compared with that of the
quadratic term. Thus, the approximation error is insignificant. On the other hand, concerning the
terms of the output gap, which are related with the loss of the output level, the coefficient of the
linear term is not necessarily small. In a typical analysis based on a New-Keynesian model, the
potential problem of approximation error is eliminated by assuming that the efficient level of output
is achieved around the zero-inflation steady state, through the adjustment of production volume with
subsidies from the government, thereby there is no linear term of the output gap. This paper,
however, considers that it is not appropriate to use such an assumption for the purpose of
simplification in evaluating the optimal steady-state inflation rate, and therefore allows production
volume to be lower than the efficient level of output in the zero-inflation steady state, i.e., there is a
linear term of the output gap in the social loss function. As a result, a second-order error in the
output level could not be negligible in evaluating social loss. Taking this into consideration, this
paper uses the original nonlinear Equation (24), instead of the first-order approximation, in
calculating the deviation of the output level in the arbitrary-inflation steady state from that in the
zero-inflation steady state, so as to reduce the problem of the approximation error.
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The quadratic term in the fourth term represents the loss from interest-rate changes.

4. Evaluation of Social Loss in the Steady State

(1) Concept of social loss in the steady state

In this section and later, we quantitatively evaluate the social loss for Japan’s
economy, using the economic model and the social loss function constructed in the
previous section.

In so doing, we can divide up the social loss into those that occur in the steady state
and those that are the result of deviation from the steady state. If the economic structure
is in the range of linear approximation and monetary policy does not face the zero lower
bound of interest rates, the model as a whole becomes linear, and thus the social losses
generated by deviation from the steady state do not depend on the level of the
steady-state inflation rate. Therefore, when comparing social losses with different
steady-state inflation rates, there is no need to consider the social losses generated by
deviation from the steady state; it is sufficient to compare steady-state social losses. On
the other hand, if there is a zero interest rate bound, the model becomes nonlinear and
the social losses generated by deviation from the steady state will depend on the
steady-state inflation rate.

In light of these perspectives, this section measures the social losses in the steady
state and compares them under different steady-state inflation rates. This analysis is a
starting point to the overall evaluations that follow in later sections. The analysis holds
true when the economic structure is within the range of linear approximation around the
zero inflation and the nonlinearity from the zero interest rate bound can be ignored.
Hereafter, we consider that the economic structure is indeed in the range of the
approximation as long as the inflation rate is in the range of 0-3%," and conduct our
analyses in this setting. We handle the nonlinearity from the zero interest rate bound in
Sections 5 and 6.

(2) Social loss function for the steady state
The social loss function for a term, expressed as Equation (26), can be written in

steady states as:

" The size of approximation errors that arise from abstracting the higher-order terms is in the degree
of 0-3% of the terms that are not abstracted in the approximation when the inflation rate is in the
range of 0-3%. We consider that such errors can be ignored for the purpose of our analysis.
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2
10— _f+%(o'l —1);2 +(1—§)k{1_55 ;(hé(zl —%%ﬁ] } (27)

In steady states, the one-to-one relationship between interest and inflation rates results

in i=7. X is as shown below if a tradeoff is recognized between wages and

- upper ower ZD_ +7? w
ool w

As an alternative to Equation (28), we also use a NAIRU-type wage Phillips curve as:

unemployment:

x=0.

Therefore, Equation (27) is a function of 7 . It is possible to find the optimal value 7~
which minimizes the social loss function. Specifically, 7 satisfies the FOC as:
dSL
dr

=1

=0.

We can express the solution of 7~ analytically if we make a log-linear approximation
to Equation (28) as X =77 .'* However, we do not use this approximation below. We
keep the nature of non-linearity in the evaluations of 7 by numerically plotting the
function SL so that we can evaluate it more accurately.

It is necessary to set plausible parameters to quantitatively evaluate the social loss. In
this paper, we set parameter values to reflect the nature of the Japanese economy

wherever possible.

(3) Data
The data used to set parameters has term increments of years. This is because

producers in Japan do not sufficiently adjust wages and employment in monthly or

'* When we make a log-linear approximation to Equation (28), the solution of the optimal value, 7°,
can be derived as:
. n—koy .
T =
0r + (o —1)+k5*(1-6)" #(1- 2)
When we use a NAIRU-type wage Phillips curve as an alternative to Equation (28), it can be
expressed as:

= —koy
O +ks*(1-5)" (1~ x)

b

which is negative.
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quarterly increments, making a term of at least one year necessary. In addition, we use
fiscal year data because Japan’s adjustments to wages and employment tend to follow
the standard fiscal year that begins in April and ends the next March. In the pages that
follow, “year” refers not to the calendar year beginning in January but the fiscal year
beginning in April.

Unless stated otherwise, the sample period is from 1981 to 2004. This period was
chosen to exclude the impact of the oil crises, which continued to be felt prior to 1980.
Data that includes the 1970s is discussed in Section 6.

For output Y, we use real GDP; for price index P, the GDP deflator; for nominal
wages W, compensation of employees per person; for labor productivity 4,
per-employee real GDP. The gross interest rate R, is based on the overnight call rate,
where the collateralized call rate is used up to 1985 and the uncollateralized call rate in
1986 and beyond.

The output gap x, is measured as the deviation of unemployment rate v, from its
sample average because X, correspondsto O, in the model.

For the real unit labor cost s,, we use labor’s share of national income. Labor’s share
is calculated by multiplying per-employee wages by number of employees and dividing
by nominal GDP. §, is measured as the logarithmic deviation from the sample average
of labor’s share.

Finally, money is measured as M1 because it is non-interest-bearing financial assets

held by the private sector."’

(4) Parameter settings

We set the discount factor ¢ at 1/1.03 because the sample average of the ex-post real
short-term interest rate is 3%. Regarding the labor productivity, which we measure as a
ratio of real GDP to number of employees, the average growth rate for the sample
period is 1.8%. Therefore, the trend of the gross rate of productivity growth, y, is set at
1.018. The subjective discount factor £ is set as f =0y =1.018/1.030=0.982. The
wage growth rate o, defined based on the logarithmic change, in the zero-inflation
steady state is set as @ =logy =0.018, which is the logarithmic trend of the
productivity growth.

Referring to Gali and Gertler [1999], we calculate the probability, «, that retailers

will not be able to revise prices by estimating the log-linear Phillips curve:

5 M1 includes ordinary deposits, which do earn a small amount of interest. However, since the
amount is negligible, we deem them to be non-interest-bearing for the purposes of this paper.
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Elar, —apr,,, —(1-a)l1-ap)s,]=0.

We use the instrumental variables method for the estimation since the equation includes
a forward-looking variable 7, .'° The instrumental variables are the constant term,
Z,,,5, ,,and v, . B is fixed at the value set above. The estimate of « is 0.58 with
standard error of 0.14. Based on the result, we set o = 0.6. This means that the average
interval of price revisions, 1/ (1 — @), is 2.5 years. Based on this, the slope of the Phillips
curve, A, is set at 0.27.

Next, we calculate values of the interest-rate elasticity of money demand, p,
intertemporal elasticity of substitution of consumption, o; and the ratio of money
balance to GDP in the zero-inflation steady state, k, by estimating the following

equation, which is based on the money demand function in Equation (4):

. 4
Mt =K' lt_l )
PY i

ot t

This is derived from Equation (4) by assuming that the elasticity is constant and that y is
equal to o. We adopt the latter assumption because the failure of y and o to match
would make the steady state untenable for the ratio of money balance to GDP. k£’ is a
constant, which we estimate by the nonlinear least squares method. Estimates are 0.116
for y with standard error of 0.003, and 0.185 for k> with standard error of 0.005."
Based on these estimations, for the purpose of evaluating the social loss we set the
parameters, y = o=0.12,"8 and k=K (1-5)%=0.28.

Working from Equation (12) and Equation (39), the elasticity of demand for
individual goods @ has the following relationship with the steady-state value of real unit

labor costs s:
o=
1-=s

The sample period average of real unit labor costs is s = 0.68. From this, we set fat 3.1.

16 According to Gali and Gertler [1999], GMM estimation would be preferred. This analysis,
however, uses the instrumental variables method because of the small size of the sample. There is no
significant change in our results when GMM estimation is used.

'7" Shiratsuka [2001] estimated y at 0.11, a result similar to ours.

'8 This is close to Kimura and Kurozumi’s [2004] result, estimating that o= 0.15.
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Regarding the tradeoff relationship between wages and unemployment, we estimate

the following equation:
@ .
U[ — _(Uupper _ Ulower kN(_t] + Uuppei .
O-ZZV

The next table contains the results of the estimation with the least squares method, and

the parameters set based on these results.

Table 1: Estimation Result (1981-2004) of a Tradeoff between
Wages and Unemployment and Parameter Settings

Estimated value | (Standard error) | Parameters set
v 0.0571 (0.0030) 0.057
T 0.0247 (0.0015) 0.025
Ow 0.0116 (0.0029) 0.012

This result means that, when the wage growth rate is zero, the unemployment rate will
be 4.1%, the average of the estimated upper and lower bounds of the unemployment

rate.

(5) Evaluation of Social Loss in the Steady State

Figure 6 shows the results of calculations of SL for the social loss in Equation (27)
using the parameters set above and considering various steady states with the
steady-state inflation rate set in increments of 0.5% for the range 0% to 3%. The scale
of the social loss on the vertical axis corresponds to the logarithmic deviation of GDP;
0.01 means constant generation of social losses equivalent to 1% of GDP in each year.

Looking at the figure, for example, when the inflation rate is 3%, a social loss
corresponding to a 0.4% reduction of GDP every year will be generated, compared to
the zero-inflation steady state. In line with the definitions in Section 3 (6), the
breakdown of the social loss is as follows: (i) a loss from price changes equivalent to a
0.5% reduction of GDP, (ii) a loss from the output level of between -0.2 and -0.3%
reduction of GDP (in other words, a benefit from an increase of GDP), and (iii) a loss
from money holding of a 0.1-0.2% reduction of GDP. The “optimal rate of inflation”
that minimizes the social loss is estimated at about 0.5% or 1.0%. We should emphasize,
however, that the curve of the social loss function is quite flat. For example, the

deviation of the social loss for a deviation in the inflation rate of £0.5% seems less than
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0.1% of GDP. Given the uncertainty involved in the statistical data, the modeling, and
parameter settings of this paper, one can interpret the difference in the social loss as

being relatively small.

Figure 6: Social Loss in the Steady State
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Note that when the long-term tradeoff relationship between wages and unemployment
is disallowed and the NAIRU-type relationship is posited, the loss from the output level
is unrelated to the long-run inflation rate. Therefore, the loss of output is eliminated
from calculations of the social loss. In the circumstances, the assumption of an inflation
rate above zero as shown in Figure 6 will lead to the conclusion that the social loss is
minimized exactly at zero inflation. If deflation is allowed, the social loss will be

minimized in the deflation domain.

5. Evaluation of Social Loss Accounting for Deviation from the Steady State
(1) Concept of social loss generated by deviation from the steady state

The analysis in the previous section focused on the social loss in the steady state.

Section 5 expands on that analysis to include considerations of a social loss generated
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by deviation from the steady state. We will account for the nonlinearity of the zero
lower bound by conducting a stochastic simulation under the non-negativity constraint
of interest rates while maintaining the assumption that the economic structure is within

the range of linear approximation.

(2) Specifications of monetary policy rule and method for solving the model

First, we will specify a monetary policy rule to conduct a stochastic simulation that
accounts for the zero lower bound on interest rates. One method would be to analyze a
theoretically optimal policy rule as shown in Adam and Billi [2006, 2007]. This paper,
however, focuses on using a policy rule with more real-life feasibility. Specifically, we
work from a Taylor-type simple policy response function to express the policy rate i,
under the zero lower bound on interest rates as:

il =r+7+¢,(# -7)+ (% -%) (i, —i’,), and

t

i = max(i,f ,0),

where i/ expresses the policy rate when there is no zero lower bound; ¢, expresses

policy response to the inflation rate; and @, expresses policy response to the output gap.
The second equation above shows that the policy rate i, is equal to the rate i/
derived from the first equation when i/

A
t

1s non-negative, but that the policy rate i, is
set at zero when i/ is negative. The final term in the first equation above is to
incorporate a kind of “policy duration effects” in the same way as Reifschneider and
Williams [2000]. It has the effect of supplementing the current shortfall in monetary
easing at the zero lower bound by using commitment to maintain easy monetary policy
in the future. In other words, the model takes into account the possibility of obtaining an
advance on future monetary easing to increase the current effect of monetary policy."”

Parameters ¢, and ¢, are set based on actual policy response. They are estimated as:

i, =¢,7, +¢ X, tconstant.

The sample period is from 1981 until 1998, after which the Japanese economy hit the

zero lower bound. The ordinary least squares (OLS) method is adopted for estimation.

" Many empirical studies report that the quantitative monetary easing adopted in Japan between
2001 and 2006 generated such a policy duration effect through a policy with commitment to CPI
developments. For a survey of these studies, see Ugai [2007].
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Parameters are estimated as 1.36 for ¢, with standard error of 0.18, and as 1.06 for ¢,
with standard error of 0.42. Based on the result, we set ¢,= 1.4 and ¢, = 1.1.

We need to solve our model because it includes forward-looking variables. The model,
however, cannot be solved analytically since it has non-linearity stemming from the
zero lower bound on nominal interest rates. Thus, we conduct numerical calculations
using the stacked-time algorithm (Hollinger [1996]) to solve the model.

Regarding the expected value of the interest rate in the future, one would ideally
impose the non-negativity constraint on individual forecasted values of the interest rate

and average them to arrive at the expected interest rate:

Ei =E, max(iSf,O) forvs>t.

However, in our numerical calculations, the non-negativity constraint is imposed on the

expected interest rate to reduce calculation burdens as:

Ei = max(E,if,O) forVs >t.

With this treatment, we partly take into account the feature that economic agents form
their expectation taking into consideration the potential of hitting the zero lower bound

on nominal interest rates in the future.

(3) Method of stochastic simulation
To conduct the stochastic simulation, we must also specify stochastic processes for
exogenous variables. We assume the trend growth rate y, to be linear and 7, =0. In
addition, productivity change shocks, demand shocks and price shocks are assumed to
follow the first-order autoregressive processes:
Aa, = p,Ad, | +¢,,, where ga,,NN(O, aj),

a,t

A

A 2
8 =P8 +¢&,,,where gg,tNN(O, O'g),
A ~ 2
&, =p, i, +&,,, where EWNN(O,G#).

The autoregressive process of productivity change shocks can be directly estimated
from the data. The autoregressive parameter p, is set from the estimated value so that p,
= 0.25; the standard deviation g, is set from the standard error of the regression so that
o, =0.014.

For demand shocks, we substitute data for the variables in the IS curve into Equation
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(18) and calculate the residuals in the same way as Rotemberg and Woodford [1998]
and other studies. Among the variables in Equation (18), the historical data is used for
the realized values, and the forecast data from the three-variable (v, m, i)
unconditional VAR for the expected values. Price shocks are handled similarly as the
residuals from the Phillips curve in Equation (20). Having done this, the next step is to
estimate the autoregressive processes. Based on the shocks obtained, we estimated the
autoregressive parameters and the standard deviations of autoregressions, and set p, =
0.71 and o, = 0.0056 for demand shocks and p, = 0.36 and o, = 0.0065 for price
shocks.

We generate 1,000 series of the three shocks to evaluate the social loss in a simulation.
The social loss is calculated not as the discounted present value 7SL, in Equation (25)
but as the average of a social loss for each term SL, in Equation (26) over ten periods

(i.e., ten years).

(4) Result of evaluating social loss

The simulation results are shown in Figure 7.

Figure 7: Social Loss Accounting for Deviation from the Steady State
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The results in Figure 7 indicate that, in comparison to the steady-state social loss in
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the previous section (Figure 6), there is little change in the loss from the output level
and the loss from money holding, but the curve expressing the loss from price changes
has generally shifted upwards. This is because there are additional losses generated due
to economic fluctuations around the steady state.

There are no other significant changes in the shape of the total social loss, compared
to the steady-state analysis, other than the shift upwards. The conclusion, therefore, is
that the steady-state inflation rate that minimizes the social loss is estimated to be in the
same range as for the steady-state analysis, 0.5-1.0%. This means that the additional
“safety margin” in the steady-state inflation rate to mitigate the risk of destabilizing the
economy due to the zero lower bound on interest rates is not particularly large for this
case.

The size of the desired additional safety margin will depend on the degree to which
the policy duration effect can be utilized in monetary policy. The above results partly
reflect the fact that the capability of monetary policy to obtain an advance on future
monetary easing through the policy duration effect reduces the latent social loss from
the zero lower bound on interest rates. For contrast, Section 6 (1) analyzes a scenario in

which monetary policy has no duration effect.

6. Evaluation of Social Loss with Alternative Model Settings

The model used in Sections 4 and 5 attempts to match the characteristics of the
Japanese economy as closely as possible. There is room for debate, however, on the
possibility of better model settings. In this section, we change some of the assumptions
underlying the previous simulations and analyze several alternative cases to determine
the extent to which the simulation results change. Four specific cases will be
considered: (1) no policy duration effect in monetary policy, (2) a stronger tradeoff
between wages and unemployment, (3) no long-term tradeoff between wages and

unemployment and (4) a lower productivity growth rate.

(1) Social loss in the economy with no policy duration effect in monetary policy
For monetary policy, we assume a policy rule that is just a Taylor-type rule with a
zero lower bound on interest rates. In other words, we change the rule of the policy rate

I, to:

i" =r+z+¢ (7, -7)+,(%, - %),

t
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i = max(i[f ,O).
This means that even if the zero lower bound is hit, the policy duration effect cannot be
used to obtain an advance on future monetary easing. Figure 8 shows the results of the

simulation to evaluate the social loss.

Figure 8: Social Loss in the Economy with No Policy Duration Effect in Monetary Policy
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The curves, in Figure 8, expressing the loss from price changes and the loss from the
output level are shifted about 1.5% to the right compared to Figure 7. With the model in
the previous section taking account of a policy duration effect of monetary policy, even
if the zero lower bound is hit, the inflation rate tends to make a comparatively smooth
return to positive territory, and thus there is no large deviation between the steady-state
inflation rate that is the long-run target and the average rate of inflation that is achieved.
On the other hand, with the model in this subsection taking account of no policy
duration effect, a relatively long period of time is required to break out once the zero
lower bound is hit, and thus the average rate of inflation actually achieved is lower than
the targeted steady-state inflation rate. For example, when the targeted steady-state
inflation rate is set at 3%, the average rate of inflation achieved in the simulation is only
about 1.5%.
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The size of the loss from price changes and the loss from the output level depend on
the level of the average inflation rate. Therefore, in a figure with the horizontal axis
expressing the steady-state inflation rate, the lack of a policy duration effect lowers the
average inflation rate and shifts the curve to the right. This feature means that the loss
from hitting the zero lower bound is larger when there is no policy duration effect.

In Figure 8, the steady-state inflation rate that minimizes the social loss is around 2%,
which is somewhat higher than seen in Figure 7. Compared to Figure 7, in which the
policy duration effect was assumed, the case illustrated in Figure 8 indicates that larger
safety margins are desired against the zero lower bound because the larger social loss

arises when the zero lower bound is hit.

(2) Social loss in the economy with a stronger tradeoff between wages and
unemployment

In the preceding sections, we set model parameters based on the estimation with a
sample period starting in 1981. Here we reset the parameters for a tradeoff between
wages and unemployment based on the estimation with a sample period beginning in
1970. The purpose of this analysis is to take account of the possibility that the
characteristics observed from recent Japanese economic data are likely to reflect the
extraordinary circumstances resulting from the generation and collapse of the asset price
bubbles that began in the late 1980s. It may be more appropriate, therefore, to use a
longer-term estimation in order to make a more general evaluation. It should be noted,
however, that the tradeoff between wages and unemployment were much stronger in the
Japanese labor market of the 1970s.

The table below contains the parameter estimations and settings, which actually

indicate a stronger tradeoff than the parameters adopted in Sections 4 and 5.

Table 2: Estimation Result (1970-2004) of the Tradeoff between
Wages and Unemployment and Parameter Settings

Estimated value | (Standard error) | Parameter set
v 0.0656 (0.0029) 0.066
T 0.0178 (0.0015) 0.018
Ow 0.0280 (0.0044) 0.028

For price stickiness as well, we reset the parameters based on the estimation with a
sample period starting in 1970, resulting in an estimated value of 0.510 for & with

standard error of 0.108. Based on this, the slope A of the price Phillips curve changes
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from the 0.27 in the preceding sections to 0.56, which means that the price Phillips

curve is steeper. Figure 9 shows the results of the simulation.

Figure 9: Social Loss in the Economy with a Stronger Tradeoff
between Wages and Unemployment

Social Loss (relative to GDP)

0.025 ‘ ‘ ‘
——@— Total Social Loss
0.020 F .
—@— Loss from Price Changes
= < = Loss from Output Level
0.015 F
- - O - - Loss from Money Holding
0.010
0.005 F
__________________________ o-------
0 I
- ~ .
-0.005 SO Ll T %
AR S
-0.010 L ©
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Steady-State Inflation Rate, %

The curve, in Figure 9, expressing the loss from the output level shifts downwards
compared to Figure 7 because this case places more value on the benefit in which a
higher inflation rate will result in a higher wage growth rate and lower unemployment
rate. In addition, the curve expressing the loss from price changes shifts downwards in
Figure 9 compared to Figure 7 because, in this case, price stickiness is lower and thus
unevenness between individual goods prices tends to be smaller with a given inflation
rate.

Because of this, the benefits of inflation are relatively large and the costs relatively
small. The steady-state inflation rate that minimizes the social loss is in the low 2%

range, which is higher than found in Section 5.
(3) Social loss in the economy with no long-term tradeoff between wages and

unemployment

In place of Equation (21) that assumes a long-term tradeoff between wages and
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unemployment, in this subsection we use the NAIRU-type wage Phillips curve in
Equation (22), which is based on the natural rate hypothesis and assumes only a

short-term tradeoff. Figure 10 shows the results of the simulation.

Figure 10: Social Loss in the Economy with No Long-Term Tradeoff
between Wages and Unemployment
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Compared to Figure 7 in Section 5, the curve expressing the loss from the output
level shifts upwards in Figure 10 because the “grease effect,” in which unemployment is
reduced with a higher steady-state inflation rate, is eliminated with the NAIRU-type
Phillips curve. The steady-state inflation rate that minimizes the social loss is at around
0.5% in Figure 10, which is somewhat lower than found in Figure 7, since the benefits

from inflation are recognized to be relatively small in this case.

(4) Social loss in the economy with a lower productivity growth rate

The analysis so far has assumed that the economy continues to grow along the
log-linear trend beginning in 1981, and specifically posited a trend productivity growth
rate of 1.8%. In contrast, we below consider the potential of a decline in the Japanese
productivity growth rate in the 1990s.

More specifically, we assume a variable trend for productivity growth, deeming the

39



most recent trend growth rate to be the future trend and assuming that productivity
grows in that vicinity. We calculate the variable trend using the HP filter with a
smoothing parameter of 100. The most recent value for the trend growth rate is 1.2%
from 2004, and we assume that this trend growth rate will continue into the future. The
trend growth rate used in Sections 5 and 6 was 1.8%, so this scenario envisions a

growth rate of only two-thirds of that level. Figure 11 shows the results.

Figure 11: Social Loss in the Economy with a Lower
Productivity Growth Rate
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All other factors being constant, a lower trend for productivity growth in the future
means lower real interest rates and wage growth rates. In such a scenario, raising the
steady-state inflation rate has a relatively strong impact on improving employment and
increasing output, resulting in relatively larger benefits from inflation compared to the
case in Section 5. Real interest rates are also lower than they were in the case in Section
5, which increases the risk of hitting the zero lower bound. This fact enlarges the
benefits of inflation in that a higher steady-state inflation rate mitigates the risk of
hitting the zero lower bound. The result shows a slightly higher steady-state inflation

rate that minimizes the social loss, which is about 1.0% in Figure 11.
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(5) Summary of evaluations

Let us briefly summarize the results of our evaluations thus far. The case in Section 5
finds that the steady-state inflation rate that minimizes the social loss is between 0.5%
and 1.0%; in the case in Section 6 (1) where there is no policy duration effect in
monetary policy, it is around 2.0%; in Section 6 (2) where there is a stronger tradeoff
between wages and unemployment, it is around 2.0-2.5%; in Section 6 (3) where there
are no long-term tradeoff between wages and unemployment, it is around 0.5%; and in
Section 6 (4) where there is a lower productivity growth rate, it is around 1.0%. It can
be seen from the results that the steady-state inflation rate that minimizes the social loss
will vary to some extent according to analytical assumptions, but the analyses in this
paper find it generally to be in the range between 0.5% and 2.0%.

It should also be noted that all of the analytical results indicate that the shape of the
social loss function is quite flat with a steady-state inflation rate in the range of 0-3%.
More specifically, a divergence of about 1% in the steady-state inflation rate from the
level that minimizes the social loss will increase the social loss by no more than about
0.2-0.3% of GDP.

7. Conclusions

This paper has examined the level of steady-state inflation rate desirable for the
Japanese economy. We began by setting out points concerning the costs and benefits
that accompany inflation. Then we built a model of the Japanese economy capable of
evaluating the effects, on social welfare, of several of these points: the opportunity cost
of holding money, the zero lower bound on nominal interest rates, price stickiness and
the downward wage rigidity. Building on this, we quantitatively evaluated the social
loss by conducting a stochastic simulation in which we take into account the zero lower
bound on nominal interest rates. We also analyzed the range of changes in the
steady-state inflation rate that minimizes the social loss when we change the model
settings. Our analysis indicated that the steady-state inflation rate that minimizes the
social loss is generally between 0.5% and 2.0%. We also found that a divergence of
around 1% in the steady-state inflation from the level that minimizes the social loss will
increase the social loss by no more than about 0.2-0.3% of GDP. We should note that the
analytical findings in this paper assume a specific model and specific parameters and
that there is the potential for significantly different results if these assumptions are
changed.

We should list some reservations regarding our analysis.
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First, the steady-state inflation rate analyzed in this paper is conceptually an
open-ended, long-run inflation rate and is not the rate of change in prices actually
achieved in any individual term. In the context of inflation targeting, one often discusses
the “medium-term” inflation rate that should be targeted by a central bank, but the
“target inflation rate” in this sense is not necessarily the same as the steady-state
inflation rate analyzed in this paper.

Turning to technical issues, there is the problem of measuring inflation rates. The
price index analyzed in this paper is the GDP deflator, but the yardstick currently used
by many countries in conducting actual monetary policy is the consumer price index. If
there are differences in the rate of technological progress among the goods that
comprise the GDP and the goods that comprise the consumer price index, there will
potentially be differences in the steady-state inflation rates calculated from the GDP
deflator and the consumer price index. For the sake of simplicity, this paper assumes
that technological progress is the same among goods and uses the GDP deflator as the
price index in order to maintain consistency with the real GDP growth rate. However,
the GDP deflator may not necessarily be an ideal price index for monetary policy.
Handling consistently both the real GDP growth rate and an inflation rate measured with
the consumer price index in a single model would require expansion to a multi-sector
growth model that allows for different rates of technological progress for different
goods.

There is also the problem of price index bias. In particular, the social loss incurred
from price stickiness is directly influenced by price index bias.*® To account for this
impact, it would be necessary to construct a price stickiness model that incorporates
price index bias.

There may be room to deepen the discussion about the framework of monetary policy.
As we saw in this analysis, the desired safety margin against the zero interest bound
should differ depending on whether there is a policy duration effect. This means that the
desired safety margin depends on the monetary policy framework. Though not covered
in our evaluation, some studies advocate a stronger-than-normal degree of monetary
easing in the vicinity of zero interest rates as “preemptive easing” to avoid hitting the
zero lower bound. Adopting such a nonlinear policy response would reduce the required

safety margin. The safety margin requirement would also be smaller if it were possible

0 Except for price stickiness, all of the other points covered in this paper are unrelated to the
problem of price index bias. The social losses from the opportunity cost of holding money and from
the zero interest bound are losses related to nominal interest rates, and the social loss from the output
level is related to the downward wage rigidity. Therefore, none of them is directly influenced by the
price index bias.
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to achieve a commitment to the theoretically optimal monetary policy.

Finally, there may be problems resulting from the simplification of the model. The
analysis in this paper could be extended to incorporate habit formation in consumption,
endogenous investments and credit constraints in imperfect financial markets, for
example. The analysis could also more realistically account for the behavior of
economic agents, for instance, the potential for behavior to be based on “rules of

bh

thumb” rather than dynamic optimization and the potential for the formation of
irrational expectations.
Further studies on the costs and benefits of the steady-state inflation rate taking these

remaining points into account are desired.
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Appendix A Derivation of a Tradeoff between Wages and Unemployment

Appendix A explains details of the producer model, which were omitted from Section
3 (3), and theoretically derives a tradeoff between wages and unemployment.

As already noted, we rely on the efficiency wage model, which is considered the
standard theory regarding unemployment, and assume that workers will reduce labor
efficiency as a result of declines in their nominal wages. It is on this basis that we model
the downward rigidity of wages.

Prior to incorporating the downward rigidity of wages, we first observe a case in
which there is no downward rigidity. Denoting a producer index as f € [0,1] , we define

the production function of producer fas:
Y,(f)=4el(f), (29)

where 7Y, ( f ) is the output of producer fand [/, ( f ) is the number of employees, each

normalized in per capita terms, and e, ( f ) is labor efficiency, which depends on wages
and other factors. Aggregating [, ( f ) for all producers allows us to find the

employment rate /,:
1
L= [ L

The unemployment rate is defined as v, = —log/, .
Individual producers purchase labor in the labor market for nominal wages W,( f )
and sell products (intermediate goods) to retailers at prices P™ in a competitive

t

wholesale market. The profits from this are expressed as:
AV EAG AL (30)
Producers are assumed to maximize the profits under the constraints of the

production function in Equation (29). The key here is the feature of the labor efficiency

e, ( f ) . We begin by assuming the following labor efficiency function:

e, (f)=e[mj’ (31)

Wi

where W, isan average wage index defined by the formula:
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log W, = [ log W, (f )df .

The numerator of the variable in the right side of Equation (31) represents the wages
of the relevant producer, and the denominator is the product of average wages and the
employment rate. The denominator can be considered to express the average wage
income expected if a worker leaves his job.

The producer controls employment /, ( f ) and wages W, ( f ) to maximize profits.

t
This results in the equilibrium, at which the first-order conditions are satisfied, where

the elasticity of the labor efficiency function is 1. In other words, when the elasticity of

A7)

the labor efficiency function is defined as:

é[ W;V(lf )] _

7t

wi

tot

the equilibrium condition is expressed as:
w
e ———= () =1.
Wi,

With the reverse function it can also be expressed as:

Wages of individual producers depend only on the macroeconomic variables of average
wages and employment rate. Among producers, wages are all at the same level in the
equilibrium. Integrating the wages of all producers and expressing them as an aggregate
produces the following formula for determining the unemployment rate:

v, =logé™(1). (32)

This equation implies that the unemployment rate is always constant. The
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unemployment rate is unrelated to the wage growth rate and there is therefore no
tradeoff between wages and unemployment. Note that wages are determined in the

following equation from the first-order condition:
W,(f)=4.ele” V)P
Next, we consider a contrastive case in which there is full downward rigidity of

wages. We assume the following equation to be added to the constraint equations for the

problem of producer profit maximization:

Based on the Kuhn-Tucker condition, we obtain the following relationships:*'

s

V;/([f) =¢7(1) incase of W,(f)>w,_(f),and

t

W;/(lf) >é"1(l) in case of Wt(f)= Wt_l(f).

t

t

Because wages are the same for all producers, aggregating the above relationships leads

to:

v, =logé™(1) incase of W, >W,_ , and
v, <logé™(1) incase of W, =W, .

In this case, the tradeoff relationship between wages and unemployment has the overall
shape of an “L,” as Figure 3 in Section 3 (3) illustrates.

However, a model like this, with full downward wage rigidity, is not suited to the
Japanese economy, which experienced wage declines in the 1990s. Therefore, rather

than assume full downward rigidity, we assume a labor efficiency function in which the

! The results here depend on the fact that the profit function in Equation (30), which producers
maximize, represents only the current profits, not the discounted present value of future profits. This
assumption implies that producers, when they set their current wages, do not take account of the
potential impossibility of reducing wages in future terms. Elsby [2006] argues that when firms are
cognizant of such a potential impossibility in the future they will tend not to raise wages to begin
with, and therefore the impact on the economy of the downward wage rigidity should be small.
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labor efficiency is lower when wages are in decline. It allows us to incorporate the
downward rigidity of wages. Specifically, Equation (31) for the labor efficiency

function is modified to:

o(1)= e[Wf(f Mm} 63

Wi,

where v,(f) is the variable defined as v,(f)=1 when W,(f)>W,_/(f) and
v.(f)=v <1 when W

t

(f)<w_/(f). v is a constant that expresses the degree of
decline in labor efficiency when wages decline. At an equilibrium, wages are the same
for all producers, and so is the value of function v,(f), which is expressed as v,. Then,

the unemployment rate v, 1s expressed as:

v, =logé ' (1)—logv,.

As illustrated in Figure 4 in Section 3 (3), the tradeoff relationship between wages and
unemployment is vertical for both wage rises and wage declines.

Next, we modify the production function, as below, to create a distribution of wage
growth rates among individual producers, on the assumption of uneven wage growth

rates resulting from idiosyncratic shocks to individual producers:
Y,(1)= 48, (e (FN.(7), (34)

where ¢, ( f ) is productivity, which is uneven among individual producers and follows
a log-normal distribution. In other words, logé, ( f ) follows a normal distribution with

an average of zero and a variance of 0§ :
log&, (/)~N(0,57).

Labor efficiency is assumed to be given by*:

2 This labor efficiency function, although it looks relatively complex, has an advantage of causing
the productivity growth rate distribution and wage growth rate distribution to match, as well as to
make the wage growth rate follow a normal distribution. If this is not the case, the wage growth rate
distribution is very complex.
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)~ bll).

In the background of this labor efficiency function, it is assumed that workers adjust
their labor efficiency according to the productivity &, ( f ) of the producers for whom
they work. The labor market is considered to be divided between producers for whom
wages are falling and producers for whom they are not. /; ( f ) is the employment rate
for the labor market to which producer fbelongs.

As done before, the reverse function of labor efficiency elasticity can be used for the

first-order condition to arrive at:

The wages of individual producers and average wages are:

w,(f)=ele )P 4.&,(f), and W, =ele" ()P4, (35)

respectively, which results in:

=¢(f). (36)

It can be seen that the productivity distribution and wage distribution of individual
producers follow the same log-normal distribution. This can be inserted into Equation

(34) and simplified to arrive at:

This is then totaled for the entire labor market as:
= v ()
o) ’

where v,(f) is defined as v,(f)=1 for producers for whom wages do not decline

and v,(f)=v for producers for whom wages do decline. Therefore, if we denote the
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percentage of producers for whom wages do not decline as s,", then:

Z p—

t

11 0 7+ (=5 ). (37)

N>

The percentage of producers for whom wages do not decline can be found as follows.
First, using the logarithm of Equation (36) it can be seen that the logarithmic value of

wages follows a normal distribution:
log,(f)~logh, =log&, (f N (0.0?).

Because a linear combination of normally distributed variables also follows a normal
distribution, a change of a normally distributed variable between periods ¢ and -1
follows the normal distribution of which the standard deviation is twice that of the

original distribution:

Alogl,(f)- Alog,~N(0,.257 ).

We define the logarithmic change of average wages between current and previous

periods and the variance of its distribution as:

@, = AlogW, and o’ 520';3.

Then, the wage growth rate of individual producers follows the following normal

distribution:
Alog,(f)N(@,, 7).

w
Sl

function CN because it is the percentage of producers with non-negative wage growth
rates AlogW,(f):

can be expressed as follows using a cumulative standard normal distribution

s) :CN(ZU’ J
O_LU

This can be substituted into Equation (37) to derive:
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With the log-linear approximation of the left side in the vicinity of /, =1 and the

conversion of the employment rate to the unemployment rate, we arrive at:
o @ .
U[ — _(Uupper _ Ulom ka(_t] + Uuppe , (38)
O-ZU

where the upper and lower bounds for the unemployment rate are defined as:

1

e'(1)

lower __ 1 _

As illustrated in Figure 5 in Section 3 (3), the tradeoff between average wages and
unemployment is expressed by a smooth curve that follows a cumulative normal
distribution function.

On the other hand, the wage Phillips curve, in which there is no long-term tradeof,
can be derived as follows. We begin by noting that in Equation (32) there is no tradeoff
relationship in either the long or the short term. We will modify the labor efficiency
function in Equation (31), which resulted in Equation (32), so that the labor efficiency is
influenced by short-term changes. Specifically, we assume that it is impossible to
observe the denominator of current average wages in the same term and replace it with

workers’ forecasts W, :

which can be expressed, by taking logarithms of both sides, as:

logh, = log” +1logl, +logé™'(1).
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We assume that workers forecast the current wage growth rate based on the

previous-term growth rate as:

lOg VVzb - IOg Wt—l =a,,.

This results in:

@, =@, —v, +logé ' (1).

The steady state for the above equation indicates that:

v=1logée™ (1),

where v is constant regardless of the inflation rate, —in other words, it is the

non-accelerating inflation rate of unemployment (NAIRU). The equation can be
expressed in terms of deviation from the zero-inflation steady state as:

T,=0

Thus far, we have derived the tradeoff between wages and unemployment. We can

also derive other formulas, from this model of producer behavior, for the intermediate

goods price, the unit labor cost, the output gap and the wage growth rate. We begin with

the intermediate goods price as below, which is derived from the production function

and the first-order condition for wages:

P _w.( ()

P PY(f)

The right side expresses the real unit labor cost, or the labor’s share of income. It can be
seen that the relative price of intermediate goods matches the real unit labor cost.
Inasmuch as the relative price of intermediate goods is common among producers, the

real unit labor costs will also be common, which can be defined as:

w,

1l
7

t

N

-~
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This results in a match between the relative price of intermediate goods and real unit

labor cost as:
p"=s and p" =5,. (39)
Moreover, from the production function we can see that:
v,=al, y=al,and J, :&[+it.

— Yt

We define the “output gap” to be the logarithmic deviation of actual output from
output capacity, as X, = y, —a,, leading to the following identity relationship:

Finally, in the steady state, the real wage growth rate must be equivalent to the trend
growth ratelog y . In the zero-inflation steady state, the wage growth rate @ 1is equal to

the real wage growth rate, resulting in the relationship:

@ =logy.
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Appendix B  Derivation of the Social Loss Function with a Second-order
Approximation

Appendix B derives the social loss function with a second-order approximation,
which was omitted from Section 3 (6).
We begin with calculating a second-order approximation around the zero-inflation

steady state to the consumption utility function found in Equation (1), so that:
1
u(cz ’ft ) =u, (C’ 68)(53 - C‘)+ Eucc (C= 5)(01 - c)2 + U (C, 5)(61 - C)(é:t - §)+ tlp + 0(3)’ (40)

where “t.i.p.” stands for “terms that are independent of policy,” so that it is comprised of
constants and shock terms only. o (3) is an abbreviation for the third-order terms and
beyond.

We can rewrite the function using variables defined as a logarithmic deviation from

the steady state as:
u(ct &)= uc(c,f)c{é, —%(0‘1 - l)ﬁtz +c, %é} +tip.+ 0(3),

where ¢, is the Dixit-Stiglitz index of individual goods consumption as defined in

Section 3 (1), not an average index of consumption. If we define the average index as:
1
¢/ = Ezc,(z)(z IO c,(z)dz) ,

the following approximation holds true between the Dixit-Stiglitz index and the average

index:

A

¢, =¢! —%6’_1 var, loge, (z)+0(3). (41)

Meanwhile, we obtain the following equation by calculating the variance of the log of

the demand function in Equation (5):
var, logc,(z) =6 var, log p,(z). (42)

In addition, the average index of consumption and that of output are equivalent:
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¢ =), (43)

By substituting Equations (42) and (43) into Equation (41) we obtain:
~ o1
c, =y, —Eﬁvarz log p,(z)+0(3).

The second term on the right side can be interpreted as distortion arising from
unevenness in individual goods prices. This can be substituted into Equation (40) to
derive:

ule,, &)= uc(y,f)y{—%varz log p,(z)+ 3, _%(0.1 —1))3[2 3, ;g((); ?)f é}

+tip.+o(3).

The equation can be simplified as follows by replacing output p, with X, +a,,

abstracting the cross term of shock and %,, and omitting the zi.p. and o(3) terms:
1
en) =008 |- v togp ) 5, - o™ -1

It can be seen that the consumption utility function can be broken down into three
terms: dispersion of individual goods prices, the linear term (level term) of the output
gap, and the quadratic term (fluctuation term) of the output gap. Based on this, the
expectation of the discounted present value of the consumption utility function for each
term is derived as:

53 RS S N0 B B RS G S

In this equation, the first term on the right side can be interpreted as the loss arising
from the dispersion of individual goods prices at the same point in time. As shown in
Woodford [2003], the dispersion of individual goods prices follows the transition

equation:
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var, log p,(z) = avar, log p,_,(z)+ liﬂf +0(3).

From this we can derive the following formula for the discounted value of the

dispersion of individual goods prices:

o0

Zﬁ var, log p, (z Z/BZZ” +0(3).

By substituting this into Equation (44) we obtain:

o0

EOZﬂtu(ct’é): Eoiﬂtuc(y’f)y{_l_ﬂtz +£t _%(o-_l _l)x'tz}’ (45)

t=0

where the third-order terms and beyond are omitted. From this result, it can be seen that
the consumption utility function includes the quadratic term (fluctuation term) of the
inflation rate, the linear term (level term) of the output gap, and the quadratic term
(fluctuation term) of the output gap.

Next, we calculate a second-order approximation around the zero-inflation steady
state to the money-holding utility function. We can express it, using variables defined as

a logarithmic deviation from the zero-inflation steady state, as:

v(mt,ft ) =v, (m)(mt — m)+ %me (m)(m, — m)2 +ti.p.+ 0(3)
=v, (m)m{n%, - —(;(’1 - 1)7?1,2 } +tip.+o(3)

(m)m{_% 4 {_ ;ﬂj }+ tiptol3).

We derived the last equation by replacing the real money balance with the nominal

interest rate based on Equation (9). By defining k£ =m/y and using Equation (8), we

obtain:

V(m,,é)=ucy(1—5)k{—%% 5 {—;ﬂj } (46)

where the tip. and o(3) terms have been omitted.
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We can specifically write the utility function U, in Equation (1) based on a
combination of Equation (45) and (46). By defining the total social loss function 7SL,
as ISL, =—-u_yU,, we obtain Equations (25) and (26) in Section 3 (6).
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